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Quantum mechanics [Teschl, Section 2.1]

A quantum theory consists of a complex Hilbert space (H, (-,-)) and self-adjoint operators
A1, Ay, ... H.

o Vectors ¢ € H describe states of the system.

Ay, Ag, ... correspond to observables, e.g., position and momentum.

e H corresponds to the observable “total energy”.

States evolve according to the Schrédinger initial-value problem

Pty = Ho(),  0(0) = o € A

o In experiments we obtain averages (¢, A;9) € R.

Example. H = L?(R3), H = —A (kinetic energy), or H = —A + V (Schrédinger opera-
tor). The observables include p = —iV (momentum), z (position), and angular momentum.
Interpretation of the wave function ¢ € L2(R3): Given a measurable set  C R3,

/Q |v)(z)|? dz = probability of finding a particle in Q.

States are therefore typically normalized: |[¢||3 = [gs [¢(z)> dz = 1.

0 Basic functional analysis [Teschl, Sections 0.2—-0.6]

Definition. A Banach space is a complex vector space with norm ||-|| that is complete: every
Cauchy sequence converges. A sequence (z,,) is Cauchy if

Ve >03dN e NVk, £ > N : ||z — x| <e.

Example (LP spaces). For 1 < p < oo,

/
LP(RY) :={[f] : f : RY = C measurable and /mp dz < oo}, 1Al == </ i dx)l "

Here [f] denotes the equivalence class of functions equal to f almost everywhere (outside a set
of measure zero). Also,

L®(RY) := {[f] : f: R = C measurable and esssup |f(z)| < oo},
zeR

[[fllloc = inf sup [g(z)].
ge[f] xeRd

These are Banach spaces. In the following we write f rather than [f].

Definition. Let X, Y be normed vector spaces. An operator is a linear map A: X — Y
Az + ') = Az + Ax/, A(Az) = NAx Vz,2' € X,\ € C.
It is bounded if its operator norm

[Al ;== sup [ Az]
zeX, |z]|=1

is finite.



Lemma 0.1. An operator is continuous if and only if it is bounded.

Proof. If A is continuous, it is continuous at zero. Thus there is § > 0 such that ||z| < ¢
implies ||Az| < 1. For z # 0,

Ax—A( > < —|lz||.
| Az|| = || T H2H shell < 5l

Thus A is bounded. Conversely, if C' = sup,=[|Az| < oo, then for z # y,

[A(z — )H*HA HHIL’ yll < Cllz =y

Hence A is continuous (in fact even Lipschitz continuous). O

Definition. £(X,Y) is the space of bounded operators X — Y; £(X) := £(X,X); and
X*:= L(X,C) is the dual space of X.

Remark. « L£(X,Y) is a vector space with (A + B)z = Az + Bz and (AA)x = A\(Ax).

o If Y is a Banach space, then £(X,Y) with the operator norm is a Banach space.

o We have ||Az| < ||A]|||z]|. Therefore, if A € L(X,Y) and B € L(Y, Z), then ||BA| <
I BII[Al

Definition. A Hilbert space is a complex vector space H with an inner product (-, ) : H X H —
C satisfying

(T,y+ 2) = (z,9) + (z,2), (, \y) = Nz, 9),
{z.y) = {y,2), (r,2) >0 Va0,
which is complete for the induced norm ||z|| := /(x, ).

We use the physicists’ convention: the inner product is antilinear in the first variable and
linear in the second. Mathematicians often use the opposite convention.

Lemma 0.2 (Cauchy—Schwarz inequality). We have |(z,y)| < ||z||||y|| for all x,y € H.
Example. L?(R?) with (f,g) = [ f(z)g(z)dx is a Hilbert space.

Theorem 0.3 (Fréchet—Riesz). For every f € H* there is a unique x € H such that f(y) =
(x,y) for ally € H. In Dirac bra-ket notation, f = (x,-) = (z|.

Theorem 0.4 (Bounded inverse theorem). If X,Y are Banach spaces and A : X — Y is
bounded and bijective, then A~!:Y — X is bounded.

Definition. For vector spaces X,Y, the cartesian product X x Y equipped with the vector
space operations

(z1,91) + (22, 92) = (z1 + 72,91 + ¥2), Az, y) = (Az, \y)

is called the direct sum X @Y. If X,Y are normed, set ||(z,y)||? = ||z||*> + ||y||*. The graph of
a linear map A: X — Y is

F'y={(z,y) e XY :y = Az}.

The operator is called closed if its graph is closed, i.e., every convergent sequence in I"4 has
its limit in T'4.



Theorem 0.5 (Closed graph theorem). Let X,Y be Banach spaces and A : X —'Y linear
(defined on all of X!). Then A is bounded if and only if A is closed.

Proof. If A is continuous and (z,,y,) € I'4 converges to (z,y) € X @Y, then y = limy, =
lim Az,, = Az. Thus (x,y) € I'4. So I'4 is closed.
Conversely, if I"4 is closed, it is itself a Banach space. The map

P:Ty— X, (r,y) —» x

is linear, bijective and continuous. By the bounded inverse theorem, P~! : X — T'4 is bounded.

Hence
[Az|| < \/[l@]]? + |Az|? = [[(z, Az)|| = | P || < |[P7H||2].-

So A is continuous. O

In physics we encounter unbounded but closed operators. This is possible because they are
not defined on all of X, but only on a dense subspace. A bounded operator defined on a dense
subspace can always be extended by continuity to the whole space.

1 Spectrum and resolvent [Teschl, Section 2.4]

Definition. Let X be a Banach space and D C X a linear subspace. A linear operator in X
with domain D is a linear map A: D — X:

A()\l-%'l + )\21‘2) = MAx1 + M Axs.

Its range is ran A := {Ax : z € D}. It is densely defined if D = X, and closed if Ty =
{(z,Az) : x € D} is closed in X & X. An operator B is an extension of A, written A C B, if
D(A) € D(B) and Az = Bz for every x € D(A).

Remark. An operator consists of both a mapping prescription and a domain! A = B means
equality of domains and actions.

Adding unbounded operators requires care with their domains: the intersection of the
domains may be only {0}.

We often write A — X for A — A1. Since 1 is defined everywhere, A — X is naturally defined
on D(A).

End of Lecture 1

Definition. The resolvent set, resolvent, spectrum and point spectrum are

p(A):={\€C:A—-\:D(A) — X is bijective and (A — \)~! is bounded},
Ry(A)i= (A= X)L, Aep(A),
o(4) = spec(A) = C\ p(A),
op(A) :={X € C: X is an eigenvalue of A}.
Reminder: boundedness of the inverse means [|(4 — \) || = Sup||z)=1//(4 — A lz|| < co.

Remark. o,(A) C 0(A), but in general they are not equal.

Example. 1. If X =C" and A € £(X), then 0(A) = 0,(A) is the set of eigenvalues of the
matrix A.



2. On X = L2R), let D := {f € L*R) : [|zf(z)]*dx < oo} and (Af)(x) := zf(x)
(position operator). Then o(A) =R, 0,(A) = @, and p(A) = C\R.
3. Tet X = C((0,1]) with | f]| == supyeio.y ()] and Ay : Dy € X — X, (A f)(x) = f/(2),
k=1,2,3,4, where
Dy == C'([0,1]),
Dy :={f € D:1: f(0) =0},
D3 :={f € Dy: f(0) = f(1)

} (periodic boundary conditions),
Dy:={feD:f0)=0=f(1)} (Dirichlet boundary conditions).

All Aj, are closed, and
| o(Ar)  ap(Ar)

Ay C C
As 1) 10}
As | 2miZ  2miZ
Ay C 1]

Proof. For closedness, consider a sequence ¢, € Di, ¢, — ¢ and Ajp, = ¢, — ¢ in X.
According to the chosen norm on X, both convergences are uniform convergence. Therefore
¢ € CY([0,1]) and ¢’ = 9. Thus A; is closed. If ¢, € Dy, k = 2,3, 4, then the same argument
applies, and additionally the limit satisfies the same boundary conditions, so these operators
are also closed.

To show (A1) = 0,(A;) = C: For every A € C, the function = +— ¢** belongs to D; and
is an eigenfunction of A; with eigenvalue .

To show o(As) = &, we construct its resolvent explicitly. Solving (A — \)f = g for f
means finding f € C*(]0,1]) with f(0) = 0 and f' — A\f = g. The unique solution of this
ordinary differential equation is

f@zéﬂmﬂmmhwwm»

The operator S is bounded, SX C Ds, and (A — \)Sg = g. To complete the proof that
S = (A2 — A\)~L, it remains to show S(Az — \)g = g. In fact, for g € Ds,

S(42 = Ngl@) = [ 0(g'(6) ~ Aglt) dt = g().

Thus S = R)(Az). The spectra of As, A4 are left as an exercise. O
Proposition 1.1. Let A: D C X — X be a linear operator and A\, € p(A). Then

(1) Ba(A) = Ru(A) = (A = p)Ra(A) Ry (A);

(i) Rx(A)R,u(A) = R, (A)R\(A);

(iii) Ryx(A)A C AR\(A);

(iv) AR\(A) =1+ AR)(A).
Proof. For (i),

(A= N = (A=) = (A= N (A—p) — (A—N)(A—p)!
=A-pA-NTA-m"
Part (ii) follows by applying (i) twice. For (iii) and (iv): if x € D, then
Ry(A)Az = R)\(A)(A— Nz + AR (A)z = o + AR)\(A)z.



For every z € X,
AR/\(A)QZ = (A - )\)R)\(A)x + )\R)\(A)l‘ =+ )\R)\(A)l’
O

Definition. Let U C C be open. A function L : U — L(X), z — L(z), is called analytic if
z +— f(L(z)z) is analytic for every x € X and f € X*.

Recall that a complex-valued function is analytic if every point has a neighbourhood where
f is equal to its Taylor series in that point. Equivalently a complex-valued function is analytic
if it is complex differentiable (holomorphic).

The following lemma is fundamental for what comes next. For now, it is our main method
for constructing inverse operators and hence resolvents.

Lemma 1.2 (Neumann series, simplified). Let X be Banach and T € L(X) with |T|| < 1.
Then 1 — T is bijective, the inverse is also bounded, and

1-7)t= i .
n=0

Note that this is just the geometric series generalized to operators. In fact, the proof is the
same as for the geometric series in complex numbers.

Proof. Set Sj, := Z:o T". For £ > k,
14 4 00
1Se=Sell=1 > T"I< > ITI"< > ITI" —0.
n=k+1 n=k+1 n=k+1
Thus (Sk) is Cauchy in the Banach space £(X), and therefore converges to some S. We still
have to prove that S is actually the inverse:
k k
1-T)Sp=> T"=>Y T =1-T""—1,
n=0 n=0
since ||T**Y| < ||T|**' — 0. Since T is bounded, it is also continuous, so (1 — T)S =
limg_y00(1 — T) S, = 1. By the same method we can show that S(1 —7) = 1. O
Theorem 1.3. Let A: D C X — X be a linear operator. Then:
(1) p(A) is open, o(A) is closed, and z — R,(A) is analytic on p(A). For zy € p(A),
Bjr.,(a)-1(20) C p(A).

Moreover, for all z in this ball we have
R.(A) =Y R (A" (z — 2)".
n=0

(Here B(z9) denotes the open ball of radius r about zy.)

.o 1
(i) For all 29 € p(A) we have || R, (A)|| > m'



Proof. For zp € p(A) and z € C,
A—z=A—z0—(z—20) =[1 — (2 — 20) Rz, (A)](A — 20).

The second factor has a bounded inverse. If |z — 2g||| Rz, (A)|| < 1, the Neumann series inverts
the first factor:

[1—(z—20)R ZRZO "(z — z)".

Consequently z € p(A) and the asserted expansion follows. In particular, the resolvent is
analytic. This proves (i).

If z € 0(A), the same argument shows that |z — zg||| Rz, (A)|| > 1 (otherwise we’d have a
contradiction). Taking the infimum over z € o(A) proves (ii), where we use the convention
dist(zg, @) = oo. O

Theorem 1.4 (Liouville). If a function is analytic on all of C and bounded, then it is constant.

Proof reference. For complex-valued functions, see for example Rudin, Real and Complex
Analysis. For operator-valued functions, use the result for complex-valued functions and the
definition of analyticity above. O

Corollary 1.5. If A € L(X) and X # {0}, then

o(Ad) C{zeC: [z <[All}, o(A)#2.

End of Lecture 2

Proof. For |z| > ||A||, write z — A = z(1 — 2~ ' A). Both factors have bounded inverses, the
second by the Neumann series. Thus z € p(A), and

[e.o]

(z— A1 = z:(zflA)"z*1 =—R.(A).

n=0

-1

Suppose now that o(A) = @. The map z — (z — A)~" is analytic on all of C, and

z—A)71 274" = z 00).
I~ 470 < g DA = g =0 ()

Being continuous and converging to zero at infinity, the function is bounded. So Liouville
implies that it is constant. The only constant value comptabile with convergence to zero at
infinity is zero. This contradicts (4 — z)R,(A) = 1. O
2 Symmetric and self-adjoint operators [Teschl, Section 2.2]

Throughout the chapter, H is a Hilbert space.

Definition. Let A : D(A) C H — H be linear and densely defined. Its adjoint operator
A*: D(A*) C 'H — H is defined as follows: ¢ € D(A*) if there exists ¢* € H such that

(p, Ap) = (¢",¢)  forall Y € D(A).
Set A*p = p*.

Check that ¢* is unique and that ¢ +— ¢* is linear.



Remark. e A C B implies A* D B*.
o It can happen that D(A*) = {0}.

From now on, A : D C H — H always means a linear densely defined operator, unless
explicitly stated otherwise.

Proposition 2.1. The adjoint A* is always closed.

Proof. Consider a convergent sequence in I'4«, that is, let ¢, € D(A*), ¢, — ¢, and
A*p, — 1 € H. We have to show that the limit point (¢,%) is in I'4«, i.e., that ¢ = A*p.
For every n € D(A), continuity of the inner product gives

{p, An) = lim (pn, An) = Tim (A%, n) = (¢, 7).
Thus ¢ € D(A*) and A*p = 1), proving closedness. O

Definition. Vectors x,y € H are orthogonal, written = L y, if (z,y) = 0. For M C H, its
orthogonal complement is M+ = {x € H:x Ly forally € M}.

Remark. M* is a closed subspace; M C (M™1)*; if M is a subspace, (M1)+ = M; and
(M)*+ = M+,

Definition. The kernel of A is ker A := {p € D(A) : Ap = 0}.

Proposition 2.2. For densely defined A, ker A* = (ran A)*. In particular, (ran A)*~ C D(A*).
Moreover, ker A* = {0} implies ran A = H.

Proof. ker A* = (ran A)*: By density of D(A),

p € ker A¥ <= (A"p, ) =0 (V¢ € D(A))
— (p,AY) =0 (Vo € D(A)) <= ¢ € (ran A)*.
Reading this in the reverse direction, ¢ € (ran A): implies ¢ € D(A*), with A*p = 0.

(ran A)+ C D(A*): Follows from the first part and ker A* C D(A*).
ker A* = {0} implies ran A = H:

H = {0}t = (ker A")F = ((ran A)1)* = ran A.
This concludes the proof. O

Definition. A densely defined operator A is called symmetric if A C A*, of equivalently if

(Ap, 1) = (p, A) for all ¢, € D(A).
It is called self-adjoint if A = A*, i.e., it is symmetric and D(A) = D(A*).

Remark. For bounded operators, symmetric, self-adjoint and Hermitian mean the same thing.

Theorem 2.3 (Hellinger—Toeplitz). Let A :H — H be linear and symmetric, defined on all
of H. Then A is bounded.

Proof. We show that I'4 is closed, then boundedness follows from the closed graph theorem.
Let x,, — = and Ax,, — y for some y € H. For all z € H, we have

(z,y) = nll_)rgo(z,A:Un> = nh_)r&(Az,xn} = (Az,z) = (2, Ax).

Thus y = Az and therefore the tuple (z,y) is in I'4. O



In quantum mechanics we typically encounter symmetric unbounded operators, e.g., the
position operator. Hellinger—Toeplitz shows that we inevitably have to study operators defined
only on a dense subspace.

Definition. C*°(R"™) denotes the complex-valued arbitrarily many times differentiable (smooth)
functions. For a multi-index a = (g, ..., ) € N, set

o, 8‘a|f a ., (e3] Qo .
8f:W’ x ‘:xl ...$n7 |a|:a1++an
1 n

The Schwartz space is

S(R") := {f € C®(R") : sup |z°0° f ()| < oo for all a, § € N"}.

Remark. Without proof we state the following facts:
1. S(R") is dense in L?(R™), because C§°(R") C S(R™) and C§°(R™) is dense in L?(R™).
Here C§°, also denoted Cg°, consists of smooth functions with compact support.

2. The Fourier transform F : S(R™) — S(R") is bijective.

Example (Momentum operator). Let H = L?(R), D(A) = S(R) and Af = —if’. Then A is
symmetric, but not self-adjoint.

Proof of symmetry. For f,g € S(R), integration by parts gives

(. Ag) = =i [ T@)g (@) de = [ =iP@)g(w) do = (AL, g).

There are no boundary terms because Schwartz functions and their derivatives tend to zero as
x — F+oo. Thus A C A*. O

Proposition 2.4 (Generalized bounded inverse theorem). Let X,Y be Banach spaces and
A:D C X =Y linear, bijective and closed. Then A~':Y — X is bounded.

This proposition is useful because almost all operators we encounter are closed. Recall that
the definition of the resolvent set requires us to check that the resolvent is bounded. According
to the present theorem, the boundedness comes for free and does not have to be checked for
closed operators. The most common operators in quantum mechanics are self-adjoint, therefore
we know that they are closed.

Proof of Proposition 2.4. Since AD =Y,
Lo ={(y,A7"y) :y eV}
= {(Az,A"'Az) : 2 € D} = {(Az,z) : 2 € D} = IT 4,

where I : XY - Y@ X, I(x,y) = (y,x), is a bijective isometry (that means, leaves the norm
invariant). Thus I' -1 is closed if and only if I'4 is closed. But I'4 is closed by assumption.
Now apply the closed graph theorem to A1, O

Lemma 2.5. Let A be symmetric and A\, € R. For every ¢ € D(A),

1A =X =il = (A= Vel + @2lle]*.



Proof. Expanding the squared norm and recalling that the inner product is antilinear in the
first argument but linear in the second gives

I(A =X —ip)ell” = (A= N, (A= N)g)
—ip{(A = Ng, ¢) +inlp, (A= Ne) + 12|l ol*.

The mixed terms cancel by symmetry of the operator A. O

End of Lecture 3

Set C4 :={z€C:Imz>0}and C_:={z€ C:Imz < 0}.

Proposition 2.6. Let A be symmetric. If there exists z € Cy such that ran(A — z) = H, then
C4 C p(A). The analogous assertion holds for C_.

Proof. Let z € Cy with
ran(A—z)=H . (1)
Lemma 2.5 gives

(A = 2)¢l| = |Tm z[[|¢]]. (2)

Since |Im z| > 0, A — z is injective; by (1) it is also surjective, and thus bijective. So the
inverse exists, we just have to show that the inverse is bounded. Taking ¢ = (4 — 2z) !¢ in
(2), for arbitrary normalized ¢ € H, yields

1
| Tm 2|’

I(A—2)7" <

Thus z € p(A). It remains to show that actually the whole half-plane is in resolvent set.
Theorem 1.3 gives

B| Imzl(z) - p(A)

Now we iterate this reasoning, as sketched in Figure 1: choose z; in the ball B 1mz|(z) and
above z, obtain a larger ball around z;, and repeat to cover the whole upper half-plane. The
same argument applies to the lower half-plane. O

Figure 1: Iteration used in the proof of Proposition 2.6.

Theorem 2.7 (Basic criterion for self-adjointness). Let A be symmetric. Then the following
are equivalent:

(i) A= A%
(i) o(A) C R;
(i17) ran(A — z4) = H and ran(A — z_) = H for some z € C4 and some z_ € C_;
(iv) A is closed and ker(A* — z;) = {0} = ker(A* — z_) for some z4 € C4 and z_ € C_.
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Remark. Without the symmetry assumption on A, 0(A) C R does not imply A = A*, already
for matrices.

In quantum mechanics, o(A) is the set of possible measurement values of the observable A,
so there is good reason to demand a real spectrum.

Proof. (i)=(iv). Since A* is closed, so is A = A*. By Lemma 2.5, |[(A — z4)p| > [Im z4|||¢]|.
Since [Im z4| > 0:
(A—z1)p=0 = =0,

and this implies ker(A — z4+) = {0}. Since A = A*, then also ker(A* — z4) = {0}, as claimed.
(iv)=(iii). Proposition 2.2 implies
(ran(A — zx))* = ker(A* — z1) = {0},
and therefore
ran(A — zz) = (ran(4 — zx)1)t = {0}t = H.

For arbitrary ¢ € H, we have to show ¢ € ran(A — z1). We use that A is closed! By density
of ran(A — z1), there exists a sequence ¢, € D(A) with (A —zx)y, — ¢. Then (A —zZ1)p,
is a Cauchy sequence. By

(A =Z5)(on — em) || = [T 22 ][on — @ml,

also () is a Cauchy sequence. By completeness its limit ¢ exists. Since A — Zx is closed,
v € D(A) and (A —Zx)p = 1. So ¢ is in the range. Since ¢ was arbitrary, this concludes the
proof.

(iii)= (7). Apply Proposition 2.6.

(ii)=(i). By assumption A C A*; it remains to prove D(A*) C D(A). Let ¢ € D(A*).
Since o(A) C R, we know that A + i is surjective. So there exists n € D(A) such that

(A+i)n= (A" +1i)p.
As A C A*, the left hand side equals (A* 4 ¢)n. This then implies (A* 4 ¢)(n — ¢) = 0. Recall
ker(A* + i) = (ran(A — i)t = H*+ = {0}.
Hence ¢ = 7, and we know that n € D(A). O

The next result shows that adding a sufficiently small perturbation to a self-adjoint operator
preserves self-adjointness. This will be useful for Hamiltonians of the form H = —A 4+ V.

Theorem 2.8 (Kato—Rellich). Let A = A*, B C B* and D(B) D D(A). If there exist
0<a<1landb>0 such that

1Bl < allAgll +bllel Ve € D(A),
then A+ B, with domain D(A), is self-adjoint.

Remark. The inclusion D(B) D D(A) ensures that (A + B)y = Ap + By is well-defined on
D(A). The theorem answers whether this operator is self-adjoint on domain D(A). If, for
example, the two domains intersected in {0}, the problem would be much more serious.

11



Proof. 1t is easy to see that the operator A + B with domain D(A) is symmetric. For self-
adjointness, we use Theorem 2.7(iii); in fact, we show not only surjectivity but even invertibility.
As before, for all 1p € D(A) and real p # 0,

(A —ip)o||* = | Av[]* + ©2]l¢]1*.
Taking ¢ = (A —ip) "1 gives
ol = I[A(A = ip) " oll* + w2 (I(A — i) " o],
and hence

o o 1
JAA —ip)toll < llell, (A —ip)~te| < mHsDII Vo € H. (3)

Obviously we have
A+ B —ip=[1+4+B(A—in) (A —iu). (4)

The second factor is invertible because A is self-adjoint, see (ii) of Theorem 2.7. By (3),

IB(A —ip)" |l < allA(A —ip) ol + blI(A — ip) "

b
< (a+ ) el
)

For sufficiently large |u|, we conclude || B(A —iu)~!|| < 1, so the first factor in (15) is invertible
by the Neumann series. Thus A + B — iy is also invertible, and in particular surjective. [

The Schrodinger equation. Recall: a state of a quantum system is represented by ¢ € H
with ||| = 1. The time evolution is described by the initial value problem

Pl = Holt),  ol0) =, (SE)

where H is typically unbounded. A solution on an interval I containing zero is a function
@ : I — H such that

e ¢(t)e D(H) for all t € I

o »(0) =u;
 lim p(t + h})L — o) _ iH (1),

The limit of the differential quotient is intended in the norm of the Hilbert space.

Proposition 2.9. If for every w € D(H) equation (SE) has a solution with ||¢(t)| = ||u|| for
every t € I, then H C H*. Conwversely, if H C H*, the norm of every solution is constant,
and solutions with the same initial datum are unique.

Proof. 1f the norm is constant, then

d

(p(t), ()| = i((Hu,u) = (u, Hu)).

0= 2
dt =0

Thus (Hu,u) = (u, Hu) for every u € D(H), which is equivalent to symmetry (check this,
using the polarization identity!). Conversely, symmetry makes the same derivative vanish at
every time.

Finally, if ¢, ¢ are two solutions with the same initial datum, their difference is also a
solution and

@) = o(t)]| = [l¢(0) = ¢(0)]| = [lu — ul| = 0.

This concludes the proof of uniqueness. O
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Proposition 2.10. Let H : D C ‘H — H be symmetric and closed. If, for every u € D,
equation (SE) has a global solution ¢ : R — H, then H = H*.

End of Lecture 4

Proof. It suffices to show ker(H* + i) = {0}. Suppose
(H* +i)w = 0. (5)
For u € D, let ¢ be the solution with ¢(0) = u. Then

d

T {w, (1) = (w, ~iH (1)) = (Hw, ~ip(1))

= <_iwa _Z.@(t» = <w>90(t)>a

where we used (5) to get to the second line. Solving this C-valued ODE gives (w, p(t)) = (w, u)e’.
On the other hand,

[{ws p@)] < llwlllle@] = llwlllull-

How can this agree with the exponential solution? The only possibility is (w,u) = 0 for all
u € D. Density of D implies w = 0. For H* — i, the same argument applies. ]

If H is bounded, the solution of (SE) is given by

o0 .
_ inty, . N~ (iHD)"

o(t) = e " u = gOTu.

n=

For an unbounded operator, already H? need not be well-defined, so this series cannot be used
without further justification. Later we will give meaning to e~ *H¢.

3 Self-adjoint Extensions [Teschl, Section 2.6]

Remark. A self-adjoint operator is maximal among symmetric operators: if A = A* and B is
symmetric with B D A, then B = A. Indeed,

ACBCB"C A" =A.

Starting with a very small domain makes an operator easy to define, but typically gives
only a symmetric operator. One then tries to enlarge its domain until it becomes self-adjoint.

Typical workflow.

1. Start with a formal expression for the Hamiltonian H, based on physical ideas.
2. Find a good domain of nicely behaved functions on which H C H*.
3. Find a self-adjoint extension.

4. Study the physical problems: the spectrum, scattering theory, eigenfunctions, and so on.

There may be no self-adjoint extension, or there may be many. Their classification uses von
Neumann’s deficiency indices. Different extensions often correspond to different boundary
conditions; physical input is needed to choose the relevant one. For the examples on L?(R?)
considered here, the only reasonable boundary condition is effectively that of decay to zero at
infinity, and so over R? the self-adjoint extension is usually unique.

A particularly convenient situation is essential self-adjointness.

13



Definition. An operator A: D C X — X is closable if it has a closed extension B D A. Its
smallest closed extension is called its closure, denoted A.

Remark. A symmetric operator A is always closable because A C A* and A* is closed.
Definition. A symmetric operator A is called essentially self-adjoint if A is self-adjoint.

Theorem 3.1 (Kato—Rellich for essential self-adjointness). Let A be essentially self-adjoint,
B symmetric and D(B) D D(A). Assume that

1Bl < allAgll + bllell Ve € D(A)

with 0 <a <1 andb>0. Then A+ B with domain D(A) is essentially self-adjoint and

D(A+ B) = D(4), A+B=A+B.

We skip the proof of this version of the Kato—Rellich theorem.

Remark. Sometimes D(A) is not explicitly known, but a convenient domain D(A) is available
on which A is essentially self-adjoint. In applications, one can often do calculations on this
smaller domain and extend to the domain of self-adjointness later.

Proposition 3.2. Let H : D C H — H be symmetric (without assuming closedness). If for
every uw € D the initial value problem

i) = He(t),  ¢(0)=u
has a global solution ¢ : R — H, then H is essentially self-adjoint.

We skip the proof of this proposition as well.

4 Schrodinger Operators [Teschl, Section 7.1 and 7.2]

Goal: define H = —A + V. The idea is to define —A using the Fourier transform and then
add a multiplication operator V as a perturbation using Kato—Rellich.
Recall that an operator U : Hq — Ho is unitary if U* = UL, In that case,

({Uf,Ug) = (f,UUg) = (f, U 'Ug) = (f,9),
so [|[Uf|| = || f|| and [|U] = 1.

Theorem 4.1 (Fourier transform). There is a unique unitary operator F : L>(R"™) — L?(R")

such that 1 ‘
FNw) = fim oo [ e @ d,

R—o0

where the limit is taken with respect to the L?>-norm.

Remark. e The cutoff at R is needed because a general L? function need not be integrable.
o Notation: Ff = fand Flf=Ff= f
o Key property of the Fourier transform (easy to verify for Schwartz functions):
f< - iaf) (p) = pif(p).
Ox;j

14



o Generalized derivatives are defined by Fourier multipliers: for o € N we define

(- ai)f = FUpeFS).

The natural domain of this operator is functions f such that p7F f has finite L? norm.

Sketch of proof of Theorem 4.1. o Using the derivative identity, show that FS(R") C
S(R™), where S(R™) is Schwartz space.

o Use Fourier inversion and the fact that g = g for g(z) = e~171*/2 to show bijectivity on
Schwartz space:

@m) 2 [ e fp)dp = lim(zm) 2 [ e f(p) ap
= ().

o The Plancherel identity shows that (Ff, Fg) = (f,g) for f,g € S(R™); in particular
[ =1.

« Now we can extend from S(R") to L?(R") by continuity.

Definition (Sobolev spaces). For s > 0,
R = {ue @Y [ (AP P dp < sof
(o) e i= [ GO+ ) dp.

Remark. HO(R") = L*(R"), and H*(R") C H¥ (R") for s > s' > 0.
Definition. For measurable f : R" — C, the multiplication operator T} is
Ty D(Ty) € LAR") — LX(R™),  D(Ty) = {p € LA(R") : fp € L2(R")},

with
(Trp)(x) == f(x)p(x) almost everywhere.
Remark. This is the largest natural domain. Anything larger is clearly impossible.

A multiplication operator is analogous to a diagonal matrix.
If f e L>®(R"), then D(Ty) = L?(R™) and ITrll < | f]loo-

Definition. Let X be a Banach space, A: D C X — X an operator and A € C. A sequence
(xn) C D with ||z,]| =1 and [|[(A — N)x,|| — 0 is called a Weyl sequence for .

Lemma 4.2 (Weyl criterion). If a Weyl sequence for X exists, then \ € o(A). Conversely, if
A€ o(A)NIp(A), a Weyl sequence for \ exists.

Proof. The first implication is assigned as an exercise. To prove the second implication,
consider a sequence z, € p(A) with z, — X € 0(A). Recall that

| R, (A) — 00.

[ —
dist(zy, 0(A))

By definition of the operator norm there exist nonzero ¢, € X such that

172, (A)

onll > syl @

15



Define o N
b= Yn =B (A)8n
Rz, (A)enll
Clearly we have ||¢,|| = 1. By (7) we obtain ||@,| — 0. Moreover,
(A — )‘)TZnH = [I(A - Zn)ibvn + (2n — )\){/;nH
= [|&n + (20 = A)tn|
< [I@nll +[2n = Al — 0.

Thus (@Zn) is a Weyl sequence. O

Proposition 4.3. For measurable f : R" — C, we have
o(Ty) = Wy, where Wy := {z € C: m(f 1 (B:(2))) > 0 for every e > 0},
where m is the Lebesgue measure. If f is continuous, Wy is the closure of the image of f.

Proof. Let z € Wy. For k > 1 let

XE,

Vm(Ey)

Here x g, is the characteristic function, equal to one on Ej and zero outside. (If m(E)) = oo,
replace Ej by a measurable subset with 0 < m(E)) < oc.) Check that ¢, € D(Ty) and
k]| = 1. Moreover we find

2 1/2
17y — el = ([E f(‘“”‘dx> < el — 0.

So (¢r) is a Weyl sequence and z € o(T}).

Conversely, let z ¢ Wy. We prove that z ¢ o(T) by constructing the resolvent explicitly.
By definition of Wy, there is € > 0 such that m(f~!(B:(z))) = 0. Our candidate for the
resolvent is T,, where we define

Ek,‘ = f_l(Bl/k(Z)) and QP =

ﬂ@:{UMAﬂ for f(x) ¢ Be(2),
0, for f(z) € B:(2).

The second case concerns a null set, so can be expected to be irrelevant in L2. By construction
g € L*>, so T, is bounded. For ¢ € D(Ty),

Ty(Tr—2)p=g(f —2)p=¢ ae.
Also fg € L™, so TyL* C D(Ty) and, for every ¢ € L?,

(Tr —2)Typ = (f —2)gp = ¢ ae.
Hence Ty = R.(Ty) and z € p(Ty). O
Lemma 4.4. If f is real-valued, T is self-adjoint.

Proof. Ty is symmetric. Proposition 4.3 gives o(Tf) C R, so the basic criterion implies
self-adjointness. O
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Proposition 4.5 (Unitary equivalence). If A: D(A) C H — H is self-adjoint and U € L(H)
is unitary, then

B=UAU':UD(A)CH —H
is self-adjoint and o(A) = o(B).

Proof. 1t is easy to see that B is symmetric. We show o(A) = o(B), then the basic criterion
will imply that B is self-adjoint. For z € p(A), the bounded operator U(A — z)"1U~! is the
resolvent of B at z, so z € p(B). Conversely, for z € p(B), U~Y(B — 2)~!U is the resolvent of

A at z. Thus p(A) = p(B), hence 0(A) = o(B) C R. O
Example. « The momentum operator on L?(R) is
4 H'(R) C L*(R) — L*(R) P 2 f(p) =
dx ’ dz i '

It is self-adjoint and o(—id/dx) =

o The Laplace operator (kinetic energy) is

“AH2(RM) C L2(R™) — LARY), —A:=F Ty F, f(p) = |p] = Zp?-

It is self-adjoint on D(F 1Ty F) = H*(R") and o(—A) = [0, 00). Its restriction to S(R™)
is essentially self-adjoint.

End of Lecture 5

Interpretation. For m >0, H = —A/(2m) describes the energy of a free particle of mass m
(we chose units of energy such that the Planck constant has value & = 1). In three dimensions,
momentum is represented by the triple of three operators

—i@/c?:pl
—iV = | —i0/0x |, —QA = %(—iV)?
—i0/0x3 m m

Compare the classical Hamiltonian of a free particle H(p,q) = |p|?/(2m), with momentum
p € R™ and position g € R™. A classical charged particle attracted by a fixed charge placed in
the origin has Hamiltonian

> 1
H(I%Q) = % - m7

where —1/|g| is the Coulomb potential. The next goal is to define a self-adjoint Hamiltonian
operator for the quantum analogue of this system, as an example of a Schrodinger operator.

Definition. Schrédinger operators are operators of the form
~A+V:Dc L*R") — L*R"),
where V' = Ty is a multiplication operator.

Remark. It is a common abuse of notation to denote Ty by V or V(x).
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Sobolev inequalities are a wide class of inequalities which permit us to reduce the exponent
of Lebesgue norms at the expense of introducing higher derivatives of the functional.

These are extremely useful both in operator theory as in nonlinear partial differential
equations. See [Lieb & Loss, Chapter 8] for a detailed introduction. We only cite some
variations of Sobolev inequalities which will be used in the study of Schrédinger operators.

Theorem 4.6 (Some Sobolev inequalities). (i) Let n > 3 and 1 < p < n. There ezists a
constant Cy p, > 0 such that, for q := p——, we have

e
IVfller = Crpllflle  Vf € CGo(R™). (8)
(ii) Let f € H°(R") (as defined in (6)) and k € N with k + 5 < 's. Then

Crsillfllms = sup [0%f| Lo,

lal<k
where the supremum is over multi-indices o = (a1, ..., ap) € N with |a] := a1 + a9 +
st an <m, and 0% = OF10p2 - - Oy in terms of partial weak derivatives defined

through multiplication by the corresponding coordinate in Fourier space.

Often, inequalities like (8) are stated without specifying carefully the function space, relying
on the convention that the norms are considered to be 400 when not well-defined. However,
at least some decay at infinity still has to be imposed, otherwise any non-vanishing constant
function would constitute a counterexample.

It is useful to remember these two Sobolev inequalities also by reading them from the right
to the left for some common values of ¢, for example ¢ = 4,6, in three space dimensions n = 3.

Theorem 4.7. Let V € L2(R3) + L®(R?), i. e., there exist Vo € L*(R3) and Vi, € L®(R3)
such that V(z) = Va(x) + Voo (z) almost everywhere. Assume moreover that V' is real-valued.
Then

~A+V:Dc L*R? — L*(R?)

is self-adjoint for D = H?(R3), and its restriction to S(R3) is essentially self-adjoint.

Proof. By the Kato—Rellich theorem it suffices to show that there exist a < 1 and b > 0 such
that
IVelz < allAplz +bllells Vo € HAR?).

Without loss of generality we can assume the part V5 to be arbitrarily small: in fact, for every
€ > 0 there is a decomposition

V=V5+Ve,  Vll2<e, VG eL®(R)
(See the next assignment for the construction of this decomposition.) By Hoélder’s inequality,

Vella < [IVaells + [[Vaowlla < IV ll2ll@llco + IVaslloollll2
< ellplloo + [[Vaslloollellz- (9)

By the Sobolev inequality from Theorem 4.6(ii) and the definition of the H? norm give
lellso < Cliplliz < CV2(I1AR]2 + llell2)-
Using this in (9) we obtain
IVellz < eCV2|Apll2 + (eCV2 + VS lloo) loll2-

Choosing ¢ sufficiently small makes eCv/2 < 1. Both versions of the Kato-Rellich theorem
now apply. O
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Example (Coulomb potential). The potential

1 g
Vie) = im, e R\ {0},

0, z =0,

is in L2(R3?) + L>(R?). (See the next assignment.)
Remark. For z1,...,zy € R3?, introduce multiplication operators by
(‘/zk@)(ila DRI J/'N) = ‘/;k(xl - .’13]@)80(171, ce ,.’EN),
(Vext) ko) (@1, -, oN) = Vext (zr)0(21, .- -, ZN)-

If we take

Vext () = —— (attraction to an atomic nucleus),

Vie(z) = —

7] (repulsion between electrons)
x

we obtain a model for molecules (with fixed nuclei, i.e., in the Born—-Oppenheimer approxima-
tion). The N—electron operator
N N N N
Hy =Y (M) + > Vet)e + Y > Vi

k=1 k=1 i=1 k=i+1

is self-adjoint on H2(R3N) ¢ L2(R3Y).

5 Existence of Solutions to the Schrodinger equation. Strongly
Continuous Unitary Groups [Teschl, Section 5.1]

(The explicit construction of strongly continuous unitary groups is not in Teschl’s book.)

Definition. Let X,Y be Banach spaces. A sequence of bounded operators A, € L(X,Y)
converges strongly to A € L(X,Y) if

Apx — Ax (n — o0) Ve e X.

We write A = s-limy,_,o0 Ap. (This is just pointwise convergence in the case of operators.)

Remark. Norm convergence ||4,, — A|| — 0 is stronger than strong convergence: it implies
strong convergence, but the converse does not hold in general.

Lemma 5.1. Let X,Y, Z be Banach spaces.
(i) If A = s-lim, 00 Ay in L(X,Y) and B = s-limy, 0 By, in L(Y,Z), then

s-lim B, A,, = BA.

n—oo

(it) If (A,,) is a bounded sequence in L(X,Y), i. e., sup,||An|| < oo, and (A,x) converges
for every x in a dense subset D C X, then s-lim,_,o A, exists in L(X,Y).

Proof sketch. Part (i) follows using the uniform boundedness principle. Part (ii) follows from
an ¢/3-argument and the uniform bound on (A,). (Potential future exercise) O
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Definition. Let H be a Hilbert space. A strongly continuous unitary group (SCUG) is a map
U:R — L(H) such that

(i) U(t) is unitary and U(t + s) = U(t)U(s) for all s,t € R;
(ii) U(t)p — ¢ as t — 0 for every p € H.
Remark. U(0) = U(0+ 0) = U(0)U(0) implies U(0) = 1. Condition (i) means that U is

a group homomorphism from (R, +) to unitary operators. Compare the definition and the
following results also to the theory of Lie groups.

Example (Translations). The map U : R — £(#) need not be continuous in the operator
norm; only t — U(t)p is required to be continuous for each ¢. To see the distinction, let

H = L*(R), (U(t)p) (z) :=p(x—t) for p € H.

We verify that U is a SCUG. Properties (i) (unitarity and homomorphism property) are easy to
see. Concerning property (ii) (strong continuity in zero), by Lemma 5.1(ii), strong continuity
need only be checked on a dense set. For ¢ € C§°(R),

(U@ = ¢l = [ lee =) = p@)Pde—0  (t—0)

by dominated convergence.

Note however that U is not norm-continuous. In fact, for € > 0, choose a “bump function’
¢e € CF°(R) with [|pc[]2 = 1 and supp e C B./5(0). Then U(e)pe L ¢e, since their supports
do not overlap. Hence

i

I(U(e) = D)gell3 = (Ule)pe, Ule)pe) + (pe, e) = 2.
Therefore ||U(¢) — 1|| > v/2, which does not tend to zero.

Definition. Let U : R — L(H) be a SCUG. Its generator is the operator A: D(A) CH — H

defined by
_ i TP =9
D(A) = {SOEH'%E}(IJt}’
and U(t) d
UET Y- .
Ay = z}% — = z—dtU(t)go o

Note that the limit of the difference quotient in both formulas is with respect to the Hilbert
space norm. Thus D(A) is the set of vectors for which the strong derivative at zero exists.

Theorem 5.2 (Stone, 1932). Let A be the generator of a SCUG U : R — L(H). Then:
(i) A is densely defined and A = A*.
(i) U(t)D(A) C D(A), and for every ¢ € D(A) and t € R,

%U(w = AU()p = U(t) Ap. (10)

(iii) U is uniquely determined by its generator A.

(iv) For all z € Cx and all ¢ € H, we have the two integral representations

(A—2)"lp= z'/oioo AU (1) p dt. (11)
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Remark. The integral is a vector-valued Riemann integral, defined as a limit of Riemann
sums followed by a limit of one of the ends of the integration interval to +oco. It satisfies the
usual rules of Riemann integrals. For example, for a continuous vector-valued function ¢ on a
compact interval [a, b], we have the triangle inequality

b b
| et < [ et

If B is a bounded operator, then

B/abgo(t)dt:/ango(t)dt

End of Lecture 6

Proof of Theorem 5.2. (ii). We first prove U(t)D(A) C D(A). For ¢ € D(A),

E(U(g) —1DU(t)p = g(U(t +e)—U@®)y

_ U(t)é(U(e) 1) UM Ap (e —0).

where in the last step we used that U(t) is bounded, so it commutes with the limit ¢ — 0.
Existence of the limit means that U(t)¢p € D(A) and AU (t)p = U(t)Ap. The computation
also shows validity of (10).

(i), We show density of D(A). Let ¢ € H and € > 0. For any § > 0, define

1 ¢
o5 = g/ U(s)pds.
0

We claim that o5 — ¢ as d | 0. Indeed, given € > 0, there exists § so small that ||U(s)p—¢|| < &
for all s € [0,d]. Then

los — el =115 [ Ushoas 3 [ pasi

1
d ds =e¢.
_6/\|Ug0<p||8<5/0885

It remains to show 5 € D(A). Using that U(¢) is bounded to pull it inside the integral, we
have

(12)

1 9 1 [t+d
U(t)wgzg/() U(t—i—s)gods:g t U(r)pdr.

Since the integrand is continuous, this is differentiable with respect to t at zero. By definition
of the domain, this means @5 € D(A).

(i), We show A C A*. Let ¢,¢ € D(A). Unitarity gives (p,v) = (U(t)p,U(t)y), and
hence

0= z%ww, U(t)e)

—(Ap, ¥) + (p, AV).

t=0
Thus A is symmetric.
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(i), We show A* C A. Let ¢ € D(A*). For every n € D(A) and t # 0, using the
fundamental theorem of calculus, we have

1

0, 1 (U ) = 1)) = (= (U (=)~ . )

1 r~td .
=— ; —S<1U(s)777g0> ds
. ¢
(i) it / (AU(s)n, o) ds (using that n € D(A) by assumption)
-t Jo
1 —t
=— (n,U(—s)A*p)ds (using that ¢ € D(A") by assumption)
-t Jo
1 t
=(n,~ | U(s)A*pds).
tJo

Since vectors n € D(A) are dense, it follows that
U(t)p — 1t
i()f@ _ g/ U(s)A*pds —s U(0)A* 0 — A% (1 — 0).
0

The limit of the integral is proven as in (12) above. By definition, the existence of this limit
for t — 0 means that ¢ € D(A), and Ap = A*p.

(iii). Let U,V be SCUGs with generator A. By (ii) and Lemma 5.1(i), the function
U(t)V(—t)y is differentiable for ¢ € D(A), and

4
dt

Thus U(t)V(—t)e = ¢ for every ¢ € D(A). Since D(A) is dense, this implies U(t) = V (¢).
(iv). Let ¢ € D(A) and z € C,. Differentiating gives

Ut)V(=t)p=U{t)AV(—t)p —U(t)AV(—t)p = 0.

i%(emU(t)w) — (A= 2 U ().

Consequently,

/ et (1) dt = / fa— L @) ar

0 0 dt
= (A—2)7Li(e" U (R)p —p) — —i(A—2)"tp (R — c0).
— ——

—0 (R—o0)

Here the resolvent could be taken outside the integral because it is a bounded operator. The
convergence to zero on the second line was obtained because

le*FU(R)pl| = e~ ™2 F o] — 0.
For arbitrary ¢ € H, choose ¢, € D(A) with ¢, — ¢. The resolvent is bounded, we can take

the limit on the right hand side of the claimed identity. Also on the left hand side we can take
the limit, because

oo oo
| e Umgndt— [ U
’ > —Imzt i 1
< [T e ™ty — glldt = —llgn — ¢l — 0.
0 mz
This extends the identity to all of H. For z € C_, integrate over (—oo, 0] instead of [0, +00). O
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Theorem 5.3 (Nelson). Let U : R — L(H) be a SCUG with generator A. If X C D(A) is a
dense subspace of H invariant under U(t), i.e., U(t)X C X for every t € R, then

A=A e
Thus a suitable dense subspace is sufficient for computing the generator.

Proof. For n € X, consider the Schrédinger equation

Sl = (Al e, e0)=n,

It is solved by ¢(t) = U(t)n. The criterion for essential self-adjointness from global solutions
(Proposition 3.2) shows that A|  1s essentially self-adjoint. Its closure is therefore self-adjoint
and contained in A, so the two operators coincide. O

Translation group and momentum operator. Let
H:=L"R), [UMl(x):=p@—1t), X:=CTR).

Clearly X = H and U(t)X C X. For p € X,

d d
i—[Ut)](z) =i—p(zx—1) = —i¢/ () for almost every z. (13)
dt =0 dt t=0
This suggests that the restriction of the generator is B := —id/dx on X. We still have to

show that the derivative exists in the L? norm (instead of almost everywhere pointwise as in
(13)), as required by the definition of the generator. For ¢ € X

i 2

LU )~ Beld = [ [Lote 1)~ o) +ig/@)| an

The integrand tends to zero pointwise as ¢ — 0. Choose R large enough that supp ¢ C Br—1(0).
Without loss of generality we can assume |¢| < 1. Then

7
(6o = 1) = 9(@)| £ 1 locXp@): ¥ @)] < ¢ oo X0 @)

The square of the sum of these bounds is integrable. Lebesgue’s dominated convergence
theorem therefore gives

15U —0)~ Bels — 0 (t-0).

Thus X C D(A) and A|,, = B. By Nelson’s theorem,

pi= |X = —1— (14)

generates U, and p = p*. The operator (14) agrees with the definition of the momentum
operator through the Fourier transform. Hence the self-adjoint momentum operator defined
earlier is the generator of translations.
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Rotations and angular momentum. Let H := L?(R?). Every rotation R € SO(3) defines
a unitary operator by

[UR)¢](x) == p(R™ ).
We have U(R1)U(R2) = U(R1R2), so this is a group representation. Choose a unit vector
e € R? as rotation axis, and let R; be the rotation through angle ¢ about this axis. Check that

d
— Rix =eAzx,
dt " Ji=o
where A denotes the vector product. Set U(t) := U(R;) and X := C§°(R3). Then X is dense
in X and invariant under U(t). For ¢ € X,

.d
i3 Ue()

= —iVp(z) - (e Nx)
t=0

= e (z A (=iVp(x))) = (e L)p(x),

where - is the Euclidean inner product and

.d
= Z&@(thfv)

t=0

Ly

L:=xAp=|Ly

Ls
is the triple of angular momentum operators. As in the previous example, check that this
derivative also exists in the L? norm, not just pointwise almost everywhere. The operators

Ly, L, and L are essentially self-adjoint on C§°(R?). The closure of e - L generates rotations
about the e-axis.

We have seen that every SCUG has a self-adjoint generator. We now prove the converse:
every self-adjoint operator generates a SCUG. In particular, if H = H* and ¢ € D(H), then

.d
P00 = Ho®),  $(0) =,

has a global solution v (t) = U(t)y, where U is generated by H. Since U(t) is unitary, this
extends to initial data ¢ ¢ D(H).

End of Lecture 7

Theorem 5.4. Every self-adjoint operator A is the generator of a unique SCUG.

This SCUG is denoted by '
U(t) =: e AL,

Sketch of proof of Theorem 5.4. Step 1: approzimate A by bounded operators. For m € Z\ {0},
set
By, == im(A +im)~L.
For ¢ € D(A), the resolvent identities give
By = (im+ A — A)(A+im)
=p—(A+im) TAp — ¢ as |m| — oo,
since ||(A + im) tAp|| < |m|7Y|Ag|. Moreover ||By,|| < 1, so density and Lemma 5.1(ii)
imply
s-lim B,, = 1.

|m|—o0
Define
A, := Bh,AB_,,.

This regularization has the following (very nice) properties:
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o App — Agp for every ¢ € D(A).

o A,, is bounded and defined everywhere: B_,, maps H into D(A), and AB_,, is an
everywhere-defined closed operator, hence bounded by the closed graph theorem. Multi-
plication by the bounded B,, preserves boundedness.

e Since B}, = B_,,, we have Ay = A,,.

Since A,, is bounded, we can use the ordinary exponential series and then try to pass to the
limit m — oc.
Step 2: construct the unitary group. Define

o —tAmt - (_itAm)k
Upn(t) == = ;}T

This is well-defined because A,, is bounded. Each U,, is a SCUG, and the strong limit

U(t) := s-lim Up, (t)

mM— 00

exists. See Assignment 2 for existence of this limit and for verification that the limit U is a
SCUG generated by A. Uniqueness follows from Stone’s theorem. O

Definition. A possibly unbounded operator B : D C ‘H — H and a bounded operator
C € L(H) commute if CD C D and CByp = BCyp for every ¢ € D. This is written as
CB cC BC.

How should we define commutation when both operators are unbounded? The general
idea is to use their SCUGs or resolvents, which are natural ways of passing from unbounded
operators to bounded operators. The two choices turn out to be equivalent (at least for
self-adjoint operators).

Definition. Two self-adjoint operators B,C commute if one of the following conditions is
satisfied:

(i) e CsemiBt = ¢=iBte=iCs for all 5.t € R;
(ii) e7¥“*B C Be™'’ for all s € R;
(iii) e*“*R,(B) = R,(B)e™"* for all p € C\ R, s € R;
) CR,(B) D R,(B)C for all € C\R;
) RA(C)R,(B) = R,(B)R)\(C) for all \,p € C\R.

(iv
(v
Proposition 5.5. All the conditions (i)—(v) above are equivalent.

Proof sketch. Pass from e~*B! to B by differentiating on D(B). Pass from the unitary group
to the resolvent using (11). O

Remark. Formal commutators “[B,C] = BC' — CB” can sometimes lead to wrong results for
unbounded operators, although they are often a useful nonrigorous first attempt.

Definition. Consider the Schrédinger equation with H = H* and initial state 1, and write
U(t) = e My
o A self-adjoint operator A is called a conserved quantity if its expectation value does not
change in time, that is

eM'D(A) C D(A),  ((t), Ap(t)) = (b, Ap)  VtER, ¢ € D(A).
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e A self-adjoint operator A generates a symmetry if

e S He 'As Vs € R.

The Noether theorem in classical mechanics shows that conserved quantities generate
symmetries, and symmetries imply the existence of conserved quantities. The following is its
quantum analogue. For example, translation invariance implies momentum conservation by
the Noether theorem.

Theorem 5.6 (Quantum Noether theorem). The following are equivalent:

(i) A is a conserved quantity;
(ii) e A c Ae™MIt for every t € R;
(iii) A generates a symmetry.

Proof. The equivalence of (i) and (ii) follows from polarization of the expectation-value identity

and unitarity. The equivalence with (iii) follows from Proposition 5.5. O
Example. 1. Let V € L%(R3) + L>(R3) be real-valued and radial, i.e., V(z) = f(|=|) for
some function f. Then H = —A+V is rotationally symmetric: for [U(R)Y](z) = ¥(R™'x)

we have

U(R)H C HU(R).
The angular momentum operators L1, Lo, and L3 are therefore conserved quantities.

2. For H = —A, the momentum operators p; = —i0/0x;, j = 1,2, 3, are conserved. Check
one of the equivalent conditions. In Fourier space this is easy, since the Fourier transform
simultaneously diagonalizes —A and p;.

3. For any H = H*, the total energy H is a conserved quantity.

6 Scattering Theory [Teschl, Chapter 12 & Reed—Simon Vol. 3]

Scattering theory concerns the asymptotic dynamics of particles as t — +o0. It is a form of
perturbation theory: a small perturbation leaves the qualitative behaviour unchanged.

In a typical scattering process, an incoming free particle encounters a potential, is deflected,
and then moves freely towards infinity.

\ /
Incoming Deflected particle,

free particle Potential moving freely to infinity

Figure 2: A particle comes in from infinity, scatters off the potential V', and flies away to
infinity again.

Question. What is the relation between the incoming state and the outgoing state? We
start by studying the free evolution (the behavior a long time before the particle reaches the
potential, and a long time after the particles scattered). Later we will add the effect of the
scattering.
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Free evolution. Let
A _
Hyi=—=3 =F Ty F,  flp):= i

Then

emHot — Fle=Iity — FOIT, i F.
To check this, compute the generator on D(H):
d .
— 1l ;= —ifty
<z 3¢ @

)
“(f@) = Hoep.

We are going to calculate an explicit formula for e=#f. For ¢ € S(R"),

1

) = (700 () = (F D) ) = o [ e ) ap

Theorem 6.1. For ¢ € L'(R") N L?*(R") and t # 0,

efign sgn(t)

(=it ) (z) = S PETIe /R ) ervI2/20,(,) dy

Proof. First let ¢ € S(R™). Introducing a Gaussian regularization to obtain an integrable
Fourier multiplier, by the convolution theorem we obtain

. 1 ip-x ,ﬁ it)
Ye(z) = Eﬁ?mw/w ePre e (it (p) dp
1

=lim 771(G:0) (@) = lim s (G + ¥)(@),

where
Ip2 \2

y 1 no__Jzf?
G = e (€+’Lt) G x) = ( > e 2(e+it)
E(p) Y E( ) m
The last identity follows by completing the square in the exponent and then computing
explicitly the integral along a trajectory in the complex plane. The complex square root is

defined using the principal branch of the logarithm. In particular, add de-
tails
Ve +it —>\F Tsen(t (€1 0).
For general v € L' N L?, approximate v by a sequence 1, € S(R"). O

Corollary 6.2 (Dispersivity of the free evolution). Let vy = e~ *Hotq),
(i) If v € L'(R") N LA(R™), then

)| € Gromrlvln (£ 0)

(i) For every ¢ € L*(R™), we have the weak convergence
P —0 (t — :|:OO),

or equivalently, (¢, — 0 for every p € L?(R™).
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|he]

4)/\*)/—\

Increasing time t

Figure 3: Sketch of |¢;| according to the free Schrodinger evolution, from left to right at
increasing time. The L™ norm tends to zero, whereas the L? norm is conserved by unitarity.

Proof. (i) Taking absolute values in Theorem 6.1 gives

)| < e [, W)l

(ii) For ¢, € L' N L? this follows immediately from (i). For general ¢, € L?, set

PN = XBy(0)$> YN == XBy ()Y -

By rescaling, we may assume ||¢]|2, [|#]2 < 1. We use an £/3 argument: Let ¢ > 0. Choose N
so large that || — ¢onll2 < €/3 and ||t — ¥n|]2 < £/3. Since gy, ¥y € L' N L2, there exists
T > 0 such that [t| > T implies |(¢n,¥ny)| < /3. Hence

Ko e)| < (o — on, ¥)| + [{on, v — vl + [{en, ¥n )|
<l —enll2ll¥llz + llenll2llv — ¥nll2 + Ken, vne| <e.
This completes the proof. O

Definition. Let H = H* on H = L*(R"), for example H = Hy + V. A vector 9T € H is an
outgoing scattering state if there exists ¢ € H such that

e~ iy — e=tHoly| — 0 (t — +00).
We call ¥t asymptotically free and e 0t} its asymptotic state. Equivalently,

er = lim ethefiHOtw.
t——+o0

Similarly, an incoming scattering state is a vector of the form

w* — tlilgloo ethefiHotq/)'

Warning: The notation is inconsistent through the literature, for example Reed & Simon use
T for the limit ¢+ — —o0.

End of Lecture 8

Definition. A measurable function V belongs to L2 (R") if xxV € L?(R") for every compact

loc

set K C R™. Here x is the indicator function of the set K.
Remark. The advantage of Ll20c is that, while L? also imposes decay at infinity, L120c only

rules out excessively strong local singularities.
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supp V'

Figure 4: An asymptotically free state and its asymptotic state, represented by classical
trajectories, in the case of a compactly supported potential.

Proposition 6.3. Let H = Hy + V acting in the Hilbert space L*(R?), where V € L% (R3) is
real-valued. Assume that there are R > 0, € > 0, and C > 0 such that

C

V(@) < e

for all |x| > R.

Then the wave operators
Qs = s-lim eHte—iHot
t—=+o0

exist.

Remark. The Coulomb potential is excluded by this assumption. Its long range requires a
modification of the wave operators.

Proof. Since |efte=t10t|| = 1, Lemma 5.1 shows that it suffices to prove existence of the limit

on S(R3). Let ¢ € S(R3) and set p(t) := efte=iHotyp,
We use Cook’s argument, a useful method for comparing strongly continuous unitary groups.
By the fundamental theorem of calculus

o=+ [ () ds

The limit as t — +oo exists if and only if the improper integral of ¢'(s) converges. It is
sufficient that

[ 1€ @)lds < o0
T

for some fixed lower bound 7T, chosen conveniently. By the product rule,
(p,(S) — ez'Hs,L-(H _ HQ)S_iHOSQO — ieiHSVS_iHOSQO.

Here the domains must be checked: D(H) = D(Hy) = H?(R?) and the free evolution preserves
S(R?) ¢ H?(R3). By unitarity it is sufficient to prove

o .
/ Ve Hosp|| ds < .
T

If V € L?(R3), Corollary 6.2 gives

[V lzllella

Ve—ngs <V e—iHos < UAGIEl L ali sy
Ve gl < IVl "l < 5t e

which is integrable at infinity.
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If V ¢ L% asimple density argument is not enough. Instead, we split V' in a time-dependent
way:
V= Vét + V(fo7 ‘/2t = VXBM(O)a Voto = VXR?’\BM(O)-

For |t| > R,
C
IVaclloo = esssup [V (2)| < P

|z >[¢]

Without loss of generality we may decrease ¢ so that 0 < £ < 1/2. Using spherical coordinates,

o2 1/2
V|2 < / V(z 2dx+/ d:v)
1Vl < BR(O)! )| By (O\Br(0) [2]70F)

< (01 + Cz(|t|1_2a — R1_2€)>1/2

< Cymax{1, [¢t|'/>7¢}.

The constants may change from line to line, but are independent of ¢. Hoélder’s inequality,
dispersivity, and unitarity now imply

IVe™ %]z < [Va llalle™ @lloo + IV loolle ™ ]l
< Cpmax{L, [¢]"/2 ¢ 7% + Clt[ 17

for some constant C, that may depend on ¢. This is integrable with respect to ¢ at +o0o. The
argument for ¢t — —oc is the same. O

Theorem 6.4. Let H = H* and Hy = —A/2 on H = L*(R™). If the operators Q4 exist, then:

(a) Qi : H — H are isometries: || Qx| = ||¢|| for all p € H.
(They need not be surjective though.)

(b) Intertwining: A '
Qe iHot — —iHlQ) (t € R).
(C) QOLHyC HOQL.
(d) o(Hy) C o(H).
(e) If Hp = Ep, then ¢ L ran Q..

Remark. Intertwining is useful to convert the full evolution into the easier free evolution. It
is a property similar to unitary equivalence, which is not applicable here because 2+ need not
be invertible. Part (c) is the infinitesimal version of the intertwining identity.

Part (e) says that eigenstates are not asymptotically free: they are bound states.

Proof. (a) By unitarity,

9l = lim_ [Tt = g,
or 1nxe ,SHSlueSZS—I-:
(b) For fixed ¢, substitute s’ t
Qie_iHOth — lim €iHS€_iHO(S+t)QD = lim eiH(Sl_t)e_iHoslgp _ €_thQ:|:SO-

s—+oo s'—+o00

(c) For ¢ € D(H,),

é(e—“fﬁ 1) = Qié(e_m‘ﬁ 1) — Qi Hyp (e —0).
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Thus Qip € D(H) and HQ1¢ = Q1 Hyp.
(d) Apply intertwining: Let A € p(H) NR. For ¢ € D(H),

[(Ho = Ml = 12+ (Ho — Mgl = [(H = )z
> c|Qepl =cllel,  where c:=|[(H =X > 0.

As in previous arguments, this implies A € p(Hy): ker(Hy — A) = {0}, so self-adjointness gives
ran(Hyp — \)* = {0}. Its range is closed by the lower bound and closedness of Hy, hence it
is all of H. The inverse is bounded by the same estimate. Since both spectra are real, the
desired inclusion follows.

(e) Let Hp = Ey and ¥ € H. Then

(0, by = lim (g, e"tem Holy))

t—=+o0
— : iEt —1Hot —
m e g, e %)) = 0
by the dispersivity from Corollary 6.2. We used e~*t¢ = e7*Fty» which can be verified by
differentiating. O

Lemma 6.5. If Q: H — H is an isometry, then ran ) is closed and

. Q71 on ranQ,
Q —
0 on (ran Q)=*.

Proof. Isometries are always injective: if Qi1 = Qi), then

0= |21 — ¥2)|| = 191 — 9|

Thus Q : H — ran(Q is invertible. Its range is closed because a Cauchy sequence (1);) gives a
Cauchy sequence (v;), whose limit is mapped to the limit of (£¢;). By polarization,

1
0, 0) = 7 (o + 812 = o = 9 — illo + il +illp — %)

so scalar products are invariant as well (¢, @) = (Q, Q) = (1, 2*Qp). Hence Q*Q = 1: OQF
is a left inverse of €.
Is it also a right inverse? If ¢ € ran (2, there exists n € H such that ¢ = On. Then

Q0" o = QO Qn = Qn = ¢.
If p € (ran Q)*, then (i, ) = 0 for every ¢ € H, so Q*p = 0. O

Definition (Asymptotic completeness). Let H = H* and Hy = —A/2 on L?*(R"), and assume
that Q4 exist. Define the spaces of scattering states and bound states by

Hy :=ran 4, Hp := span{p : ¢ is an eigenvector of H}.

We already know that H. are closed and H4 C Hz. Under the assumptions of Proposition 6.3,
one has also asymptotic completeness:

Hy=Hg =H_.
Thus every vector orthogonal to the bound states is asymptotically free.

Remark. Asymptotic completeness is a natural expectation: every vector decomposes into a
bound component and a scattering component, with no further component. It is generally
hard to prove, however, and there are counterexamples, see Figure 5.
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cr=5.%
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v

Figure 5: Pearson’s potential: an example of a compactly supported, radial potential V(x) =
W (|x|) with increasingly narrow, singular oscillations near the origin. The envelopes in
the sketch characterize the amplitudes of the bumps. This potential is an example where
asymptotic completeness does not hold. See [Reed—Simon Vol. 3, Chapter XI.4] for the details.
Among potentials without compact support there are also less pathological examples.

End of Lecture 9

In physics, scattering is described through probabilities of transitions from a specified
incoming asymptotic state to a specified outgoing asymptotic state. These probabilities are
given by matrix elements of the so-called S-matrix. The following definition makes this precise.

Definition (Scattering operator). Let o, f € H be normalized. Consider incoming asymptotics
e~ Hot, What is the probability of observing outgoing asymptotics e *70*3? The incoming
condition is

”eithQO _ efiHot

By the quantum-mechanical probability rule, the probability to find e=*#0% for ¢ — 400 is

a — 0 (t — —0), so o =Q_a.

. . 2 . .
_ . —1Hpt —iHt _ . iHt _—iHot
P = Jim [ e A =t [(e e 5,00

= (18,2 a)]? = (3, 2L,

‘ 2

The operator
S =00

is called the scattering operator or S-matriz. If asymptotic completeness holds, then S is
unitary.

Proofs of asymptotic completeness. Teschl presents Enss’s proof for operators H =
—A/2+ V. For N-body systems, asymptotic completeness was proved much later by Sigal
and Soffer using an abstract method, and by Graf in 1990 using a more instructive method.

In the lectures we prove only the simplest case: the potential is so weak that there are no
bound states at all. In this case the whole Hilbert space consists of scattering states. In fact,
the following theorem shows that in three dimensions, sufficiently weak potentials have no
bound states. (This fails in dimensions one and two: attractive potentials can have bound
states at arbitrarily small coupling — to be proven later. For the moment, check which part
of the proof of Theorem 6.6 fails in one and two dimensions!)

Theorem 6.6. Let Hy = —A/2 on L2(R3), let V e L'(R3) N L>®°(R3) be real-valued, and let
H = Hy + AV with A\ € R. Then the wave operators Qy exist. Moreover, for |\| sufficiently
small,

ran Q4 = L*(R3).
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Proof. Since V e L' N L™ C L2, existence follows from the L2 case of Cook’s argument, see
Proposition 6.3.
To prove ran Q; = L?*(R3), we show that

lim eZH()te—’LHt
t—4o00

12

exists for every ¢ € L?(R3). Indeed, if the limit is v, then
etite=itoty __, so Qv = .
(This is the general principle of constructing the inverse wave operator; you consider the
analogue of existence of the wave operator but with Hy and H exchanged. If present the
bound-state subspace is to be excluded.) By Lemma 5.1 and unitarity, for existence of the
strong limit it is sufficient to consider vectors in a dense subset, ¢ € S (R3).
Set V := AV,
V(t) = eiHQtVefiHot 7 Q@(t) = eiHQtefthsa'

Differentiating gives
d
dt

Integration yields Duhamel’s formula/the interaction picture:

o(t) = eMMli(Hy — H)e o = =iV (t)(t).

(P(t) =Y — i/(]t V(tl)(p(tl) dtl.

Insert the same formula into the right-hand side and iterate. The first iteration gives

t1

o) =0~ [ Vipdn+ 2 [ an [ a6 VeV E)el),

After N iterations,
N tk—1
= Z *Z / dtl dtg s /0 dty, V(tl) s V(tk)go + RN+1(t),

R41(t) := (—i)NH/O dtl"'/o Aty V(t1) -+ V(tn41)e(tns)-

For fixed ¢ > 0, unitarity and boundedness of V' imply

tNJrl

IRne1()le < 7

Thus the full interacting evolution disappears, leaving only the free evolution in V (t). We
obtain the Dyson series

> te—1
=o+> @),  ww(t):= /cm t/ At V(t1) -+ V(te)e.
k=1

T
oo t1 te—1
@:A(ﬁédn~4 dty |V (1) -~ V(tn)elle < oo,

then limy 4o pr(t) exists. If also Y 3o Cr < 00, the Dyson series converges uniformly in
t > 0. We may then exchange the limit ¢ — 400 and the summation of the series:

Jip e =9+ 3 Jim o
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So it remains to estimate Cj. By unitarity and a change of variables,

[V (t1) - Vtr)plla = [[Ve Holimt)yemifoltz=ta) .y e=itote |,

— ||Ve—iH081 Ve—iHoSQ L. Ve_iHOSkC,DHQ,

where s1 =11 — tg, ooy Skp—1 = tk,1 - tk, S = tk.
This is a linear substitution of the integration variables, we find the Jacobi determinant by

S1 1 -1 0 --- 0 t1
S92 1 -1 0 12
= |: SO co|, detJ =1
Sk—1 0 0 1 -1 th—1
Sk 0 0 0 1 tr
J

So the change of variables is bijective and preserves the measure/volume element. Therefore
o0 o0 . .
Ci = / dsy - - / dsg HVe_ZHO‘91 . Ve_lHOSkSOHQ.
0 0

Factor the potential as
V=WV,  Vi=sen(V)|VI}Y2 — Vo:=|V|V/2

Since V € L' N L, both Vi, V; belong to L? N L™. Consequently,

k—1
[VemHost .. vemHoskply < [[Viloo [ [ IVae™ 0% Vilop [[Vae™ 0% |5 (15)
j=1

We now estimate these operator norms.
For small s, unitarity gives, for every ¢ € L?,

IVae™ 05 Vig 2 < [[Valloole™ Vit |2 < [[Valloo Vit ll2 < [[ValloolVilloo 1#]]2-
For large s, dispersivity and Holder’s inequality /Cauchy—Schwartz inequality give

[Vae Hos V9|5 < ||Vallolle” 05 Vi) || oo
< [[Vall2|s| 722 Violln < [[Vallals| =2 2(Vall2]l¥]l2-

(We have dropped the harmless factor (27)~3/2 < 1 from the dispersivity estimate.) Combining
both bounds,

IVae™ " Villop < (IIVilloo I Valloo + IVill2[Val2) min{1, [s| 75/}
Similarly for the last factor in (15):
IVae™ % plla < (I[Vallocllillz + [[Vall2lill1) min{L, |s| =2}
The L! norm of ¢ is finite because ¢ € S(R3). Writing
A= VilloolValloo + [Vall2lIVall2, By = [[Valloollll2 + I Vll2ll#ll1,
we obtain

0 k
Cr < Vil A 1B, (/ min{1,s—3/2}ds>
0

34



Each Vj contributes a factor \)\\1/2, so the total power appearing in Cj is |)\|k Thus, for
suitable finite constants independent of k and A,

~ o) k _
Cy, < NECy(VYrC, (/ min{1, s~%/2} ds) — (MG e,
0
Here we used that the time integral is finite (thanks to being in three-dimensional space). If
|A| is so small that |A|Ca(V') < 1, the series Y 7o ; Ck is bounded by a convergent geometric
series.

The analogous argument at —oo gives the same conclusion for €2_. O

End of Lecture 10
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