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Metodi Matematici della Meccanica Quantistica

Assignment 5

To be handed in on Wednesday, December 13, 2023, before 10:30 via email
(scanned or IXTEX) to sascha.lill@unimi.it or on paper at the beginning of the lecture.

Problem 1: f(z)g(—iV) (10 points)

Let f,g € L*(R") and let B := f(2)g(—iV). Show that | B| < (27) 2| f||z2]|g|z> and
1Bl < [[fllz<llgllzes-

Problem 2: Essential Spectrum of —A (10 points)

Consider —A : H*(R") C L*(R") — L*(R"). Show that ges(—A) D [0, 00) by explicitly
constructing Weyl sequences in position space.

Problem 3: Weak Compactness (10 points)

Show—without using the Banach—Alaoglu theorem—that any bounded sequence in a
separable Hilbert space has a weakly convergent subsequence.

Problem 4: Spectral Projection (10 points)

Let A = A* a densely defined operator on a Hilbert space H. Let X\ be an isolated point
of the spectrum o(A). Let P := x(\;(A) the spectral projection on {\} and P+ := 1—P.
Show that A & o (A [piy).

Problem 5: Approximating Sequence (10 points)

Let f € S(R"). Show that there exists a sequence of functions fx(z) with fy(z) — f(z)
for all x € R™ and || fn]|eo := supgegn|fn (@) < ||fll1 + 1.
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