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Metodi Matematici della Meccanica Quantistica

Solutions for Assignment 3

Discussed on Friday, November 10, 2023.
In case of questions, contact sascha.lill@unimi.it/ .

Problem 1: Proof of the Weyl criterion (10 points)

We have to show that for A: D C X — X, with X being a Banach space, for A € C, the
existence of a Weyl sequence (z,),eny C D with ||z,|| = 1,lim, o [[(A — Nz, = 0
implies that A € o(A). That is, (A — \) has no bounded inverse (4 — \)™!': X — X.
If for some x,,, we should have [[(A — A)z,|| =0 = (A — \)z,, = 0, then it is clear that
(A — X\)7! can never exist, since we would have (A — \)7'(A — \)x,, = 0, which is never
T,

Now, assume that (A — \)z,, # 0 Vn € N and suppose some bounded inverse (A —\)~! :
X — X of (A — \) would exist. Then, the sequence y, : LA=Non o well-defined with

— TEA=N]
|lyn|| = 1 and we have
- [(A =N A = V| [E2a
1A =)yl = = — 00, (1)
so the operator (A — X\)~! is unbounded, which yields a contradiction. U

Problem 2: Coulomb potential (545 points)

a. We need to show that for every V € L? 4+ L*(R3) and every ¢ > 0, we can split
V = V5§ + VE such that V2 € L™®(R?) and V5 € L*(R3) with ||V5]|.2 < e.
Recall that V € L? + L means we can split V = V, + V,, with V, € L?,V,, € L.
We will now “transfer” parts of V5 into V., to make the L?-norm small. This can
conveniently be done introducing the (measurable) level set{]

xp i={r €eR® : |Va(x)| < L}, L>0. (2)
We then split
Vo(x) ifx e 0 ifxe
Vo=Vo<14+Vasy, Va<r(z) = 2(7) X o Vasp = X
0 else Vo(x) else.

(3)

1Strictly speaking, since V3 is only defined up to modifications on a null set, also xr, is defined up to
modifications on a null set. So xr, = [x] is actually an equivalence class, where two representatives,
say xr,1 and xr 2, are allowed to differ by a null set. However, for any integrable u, we have
fo,l u = fX“ u since adding or removing a null set to/from the domain does not change the

integral. So the value of integrals like fXL u is unique.
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Obviously, Vo <1, € L*°(R?) with ||[Va <y |z~ < L. Further, the set R*\ x, converges
pointwise to () as L — oo, so

/|V2,>L(x)|2da:—>0 = ||Vasizllrz2—0 asL — 0. (4)
XL

We can thus find some large enough L > 0, such that [|[Vo~p| 2 < €. Setting
Vy = Vo and V := Vo + V5 <1, then achieves the desired split. O

. We need to show that the Coulomb potential V (z) := %, z € R3\ {0} is in L?+ L*°.

=] *
As above, we work with the level sets

xp={zeR®: |V(z)| <L}, L>0. (5)

Setting L = 1, we split

Vi) ifze 0 ifze
V = Vgl —I— V>1, Vgl(x) = { ( ) X1 s V>1 = { X1

0 else V(z) else

(6)
Clearly, V<; € L™ with ||[V<i| ~ = 1. Further, the pole of x — |V (z)[* at z =0 is
of order 2 < 3, so V&, € L% More precisely, using spherical coordinates,

1
1
HV>1H%2 = /R\ \V($)|2d$ :/0 r—247rr2d7“ =47 . (7)
XL

Thus, V = V< + V4 is a suitable split to show V € L?* + L. O

Problem 3: Sobolev inequalities (545 points)

a.

Our goal is to find the exponent ¢ = g(n,p), for which the Sobolev inequality can
hold:
1fllze < Crpall VFllLe (8)

while using a rescaling argument via f\(z) = f(Az), A > 0. The rescaling argument
bases on the fact that has to hold for any f) in place of f. That is,

||f>\HL‘1 < Cn,p,qHVf)\HLP (9)

has to hold. We evaluate the norm on the left-hand side, using a substitution y = Az

ke = [ 1700par)” = ([ 1seinan) =3 s (0

For ||V fi|lL», we make use of the chain rule with g : R™ — R", g(z) := Az, whose
Jacobian is Dg(z) = X id,xn:

Vi) =V(fog)(x) = Dg(x) - (V)(g(x)) = AV f)(Az) . (11)
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Thus, substituting y = Az yields

19l = ([ W@noaras)” = ([ 1wrmperar)” =219

(12)
As is valid, @D can only hold for all A > 0 if
n n 1 1 1
AN =2i e 1-2=0 e o222 o = (1)
p q q p n n—p

which is the condition on ¢, we were looking for. Note that one commonly calls ¢
the Sobolev conjugate of (n,p). O

b. Here, we wish to show that the Sobolev embedding H™(R™) C L>*(R") is true for
m > 3. This requires proving

[l oo < Co |t 1m (14)

for any v € H™(R") and a suitable C,,, > 0 uniform in u. The Sobolev norm is
conveniently expressedﬂ using the Fourier transform

mky:(maﬁ/;u@ma%%m N 'Mx%:(%ﬂg/;u%kﬁ%m (15)

and Plancherel’s theorem ||u||zz = ||| z2:
1 1
2 2
lallm = | D ID%ulfe | = { D Ikalie | - (16)
o] <m || <m

The L*°-norm is bounded by
l|u|| L = essﬂsgup lu(z)] < (27r)_75/ () |dz = (2m) "2 ||a| 11 - (17)
xeR™ n
Now, observe that for m > §, the function

1
I e

fk) (18)

decays at |k| — oo faster than |k|~2, so f € L*(R") with ||f|lz2 =: cmn. Thus, we
can apply Holder’s inequality as

. 1. 1. . . . 1
oo =150 <15 0] < o (Rl WP+t 1)
L L
Zcmunllullgm -
(19)
2Here, we use the standard multi-index notation a = (g, ..., o), a; € N, with |a| = Z;;l aj, DY =

SN L I U
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Combining with , this yields the desired Sobolev bound .

Note that sometimes, one uses the different convention ||u|lgm = |[(k)"™| 2 with
the Japanese symbol (k) := /1 + |k|?2. The proof is then analogous with f(k) :=
(k). 0

Problem 4: On the Existence Proof for SCUGs (545 points)

Let A: D C H — H be a self-adjoint operator in a Hilbert space H.

In the lecture we defined

a. Recall that A : D C H — H is self-adjoint, B,, := im(A +im)™', m € Z, A, :=

B,,AB_,, and
» 1,
Un(t) = e =) :H (—itAy)" . (20)

keN

We have to show that U,,(t) is a strongly continuous unitary group (SCUG) and
that U(t) := s-lim,, o Uy, (t) exists. Checking that U,,(t) is a SCUG amounts to
verifying the three axioms:

e First, U, (t) is unitary: It is easy to see that A,, is bounded since B, are
bounded and

B A= By (A+im —im) = im — im(A +im) lim (21)
is also bounded. Further, it is easy to check that B}, = B_,,, so A,, is self-
adjoint. Now, U, ()" = >, & (itAx ) = 3, = (itA,,)¥, which indeed agrees
with U,,(t)~!, as by the Baker-Campbell-Hausdorff (BCH) formula,

Um(t)Um(t)* — e—itAmeitAm — 6—itAm+itAm — 60 —1. (22)

o U, (t+s) = e ) An — g=itdme=isdn — 1] ($)U,,(s) due to BCH.

e Finally, we have strong continuity, as for ¢ € H:

oo

Z —itA,,

k=1

- hmz L AnlFlel =0
(23)

i [[Upn ()9 = | = lim

Next, we show that U(t)y := lim, e Un(t)p exists for all ¢ € D, t € R. By
completeness of H, this is true if we can show that (U,,(t)¢)men is a Cauchy sequence.
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To do so, we use the fundamental theorem of calculus, as well as the fact that A,,, A,,
commute with U,,(t) (which can easily be checked by explicit computation):

(Un(8)Un(t — 5))ods — i /0 Un(5)(Ayy — A)Un(t — 5)pds

(8)Un(t — 8)(Am — An)ipds .

I
O\A
2

(24)
Thus, using ||U,(¢)|| = 1,

t
1Un(t) = Un(t)ell <lil /0 1UnO[[Un(t = $) || Amp — Anpl|ds

Now, since (A,¢)nen is a Cauchy sequence, following (25)), s0 is (Upn(t)@)men-

The statement can now easily be generalized from ¢ € D to ¢ € ‘H: We approximate
¢ € H by a sequence (¢g)ren C D in order to show that (U,,(t)¢)men is a Cauchy
sequence:

1Un(8)p=Un @) || < U () o= Unm () 2kl [+ Un (1) o1 = Un () k| +[|Un () = Un(t) 0 || -

(25)

(26)
All three terms can be made arbitrarily small by choosing k large enough. Therefore,
(Upn(t)@)men is indeed a Cauchy sequence. d

b. We have to show that U(t) is a SCUG and its generator is A. First, we verify the
axioms of a SCUG:

e U(t) is unitary: First, observe that Vi), ¢ € H,
(.U)) = lim (1, Un(t)g) = lim (Un(),5) (27)

so U(t)* = limy, 00 Uy (t)*. Now, by unitarity of U, (t) and the fact that the
limit of products is the product of limits (if it exists):

1= lim Up(t)Un(t) = U@ U(L) | (28)

m—r0o0
so U(t)* is indeed U ().
o U(t+s)=s-limy o Up(t +5) = s-limy, o0 Un () U (s) = U(t)U(s).
e Strong continuity: For any m > 1, it holds true that

Ut — ol <NU#)e = Un()pll + [[Un(t)e — o - (29)

Now, for any given £ > 0, we can achieve ||U(t)p — Un(t)p| < § for m large
enough, and ||Upn(t)e — ¢l < § for t small enough. So ||U(t)¢ — ¢l gets
arbitrarily small as ¢t — 0, and U(t)p — ¢.
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Finally, A being a generator of U(t) means that Ay = lim,;_, jIWe=e 2% for any p € D.
Now, by the fundamental theorem of calculus and since A,, generates Un(t),

_ - 1
Je—e o Unltlp—p 1 / Upn(5) Amipds (30)
0

t m—00 m—00

We now show that the right-hand side amounts to + fo s)Apds, which converges
to Ay as t — oo, and would thus finish the proof.

1 [ 1 [
lim —/ Un(8)Apmpds — ;/ U(s)Aeds
0 0

m— 00

1 t
gg/ im (U (s) A — U(s) Ag||ds (31)
0 m—0o0

1 [t
S%/ Tim (| A — Al + [Un(s) A — U(s) Agll)ds = 0.,
0

as the term in the bracket vanishes as m — oo. Here, we were able to exchange
integral and limit because of the dominated convergence theorem, which holds since

| A — Agl| 4 [|Um(s)Ap — U(s) Agp|

<[ Amp — Apll + (IUn(s)| + IU(s)]]) | Al (32)
=[lAme — Apl| + 2[| Ag]|
is uniformly bounded in m. This finishes the proof. U

Problem 5: Resolvent of the Laplacian (10 points)
We have to show that for Hy = —A, ¢ € L*(R?) and k > 0, we have

—klz—y|

()" 0) (0= o= [ retway. (33)

The action of (Hy+ k )_1 is best described in Fourier space, where it amounts to a
multiplication of ¢(k) by f(k) := Thus, by the convolution theorem,

i

((Ho+ %) ™" ¢) (@) = (f¢)"(2) = (2m)"

M\w

(f *¢)(z) = (2m) 2 f<:c— Y)e(y)dy .

(34)
Thus, it remains to show that (27)72 f(z) = ZT in order to finish the proof. This is
done by evaluating the Fourier transform in spherical coordinates, using the substitution

y = cos6:

K|z|

. ™ zr|x\cos€
(27)"2 f(z) = (27)~ / f(k)e*dk = (2m)~ / / —— 2mr? sin 0dAdr
2 zr\m|y 2d 4 5 0 zr|z| f'n“\x| 4 .
R //+ v = )2 [ S e
o opeirll o
=(2m) %X ————dr =: (2 20/ dr .
ens [ = 2 [t
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Figure 1: The integration contour around the pole at ix.

We can now interpret g(r) as a complex function g : C — C, which has two poles
at r = dik. This allows us to exploit the residue theorem: Let R > k and define the
integration contour vz C C, which runs from —R to R along the real axis and then closes
in a semi-circle around 0 with radius R, see Figure[I] Then, by the residue theorem,

2K

j{ g(z)dz = 2mi Res(g, ik) = 2mi lim (z — ik)g(z2)
TR

. (36)
2Z61z|z| 6—m|m\
=277 lim ——— = 2mi———
S 2l (= + iR) 2]
On the other hand, as R — oo, we get
lim g(z)dz :/ g(r)dr + lim g(Re)Ried6 (37)
R—o0 R oo R—oo /g
Now,
| (Rei9)|<L—>0 as R — oo (38)
A Rl =) |

so the second integral vanishes due to Jordan’s lemma and we are left with
o0 e—n\x|
/ olr)r = 2mi (39)
o x

To apply this result to (35]), we still need to extend the integral [ g(r)dr from to
the real line, which requires adding

/_(;g(?")dr = /000 g(—r)dr = /000 g(r)dr (40)

We conclude:

] 0o —k|z]
2(277-)_%f(1‘) = (27) 7% /Oog(r)dr = 227?—|:c| ’ @)
which renders the desired result (QF)_%JE (z) = e4_7f75" -
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