Niels Benedikter

joint work with Vojkan Jaksi¢, Marcello Porta, Chiara Saffirio and Benjamin Schlein



Motivation

m Many physical systems can be modelled as fermionic many-body
theories.
Many non-rigorous approximation schemes exist.

m Rigorous understanding of approximations is difficult, in particular in
non-equilibrium.
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Motivation

m Many physical systems can be modelled as fermionic many-body
theories.
Many non-rigorous approximation schemes exist.

m Rigorous understanding of approximations is difficult, in particular in
non-equilibrium.

m We establish one of the most fundamental approximations:
time-dependent Hartree-Fock theory.

m Central requirement: quantitative understanding of ‘semi-classicality’.

m Ideas turn out to apply very generally (extension to mixed states,
derivation of Vlasov equation, . ..).
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Outline

Fermionic Many-Body Systems

Main Result: Hartree-Fock Theory is a Valid Approximation.

... assuming certain Semi-Classical Estimates
Proof of Hartree-Fock Theory

Mixed States, Vlasov Equation

Niels Benedikter Mean-Field Dynamics of Fermions

2/14



Outline

Fermionic Many-Body Systems

Main Result: Hartree-Fock Theory is a Valid Approximation.
... assuming certain Semi-Classical Estimates

Proof of Hartree-Fock Theory

Mixed States, Vlasov Equation



Fermionic Many-Body Systems

Fermionic Many-Body System

m N fermions in R3 are described by wavefunction

e ZE®MN), vl =1,

antisymmetric w. r.t. permutations.
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Fermionic Many-Body Systems

Fermionic Many-Body System

m N fermions in R3 are described by wavefunction
(VNS Lg(R3N)7 ||¢||2 =1,

antisymmetric w. r.t. permutations.

m One-particle density matrix

Yy = tra, n[Y) (Y]

Sufficient for calculating one-particle observables.
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Fermionic Many-Body Systems

Time Evolution

m Schrddinger equation
i0cbe = He, o € LI(RY),
with Hamilton operator

HZAXJ—FAZV( x;).

1<i<j<N

Goal

Approximate one-particle density matrix v,, by time-dependent
Hartree-Fock equation and estimate error as N — oo.
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Fermionic Many-Body Systems

Physical Regime

m mean-field scaling: high density and weak interaction, so that the
particles move in averaged potential.
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Fermionic Many-Body Systems

Physical Regime

m mean-field scaling: high density and weak interaction, so that the
particles move in averaged potential.

m The scale of volume is fixed by the support of initial data.

m Pauli exclusion principle: occupy momenta up to |k| ~ N/3

N N
<Z —ij> ~ ST K N3
j=1 j=1
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Fermionic Many-Body Systems

Physical Regime

m mean-field scaling: high density and weak interaction, so that the
particles move in averaged potential.

m The scale of volume is fixed by the support of initial data.

m Pauli exclusion principle: occupy momenta up to |k| ~ N/3

N N
<Z —ij> ~ ST K N3
j=1 j=1

m Weak, but nontrivial, interaction:
N 1

i0¢r = Z_AXJ+W Z V(xi = x;) | r.

j=1 1<i<j<N

Niels Benedikter Mean-Field Dynamics of Fermions 5/ 14



Fermionic Many-Body Systems

Physical Regime

m Rescale time to scale of order N—1/3
N 1
iN1/38t1/Jt = Z —AXJ + W Z V(X,‘ — XJ') 1/Jt.
j=1 1<i<j<N
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Fermionic Many-Body Systems

Physical Regime

m Rescale time to scale of order N—1/3
N 1
iN1/38t1/Jt = Z —AXJ + W Z V(X,‘ — XJ') wt'
j=1 1<i<j<N

m Introduce semi-classical parameter % := N~1/3, multiply by h2:

Mean-field scaling is coupled to semi-classical scaling
N 1
ihdepe = > =h*Dg+ 5 Do V(xi—x)| e

j=1 1<i<j<N

h=N"13 N .
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Main Result: Hartree-Fock Theory is a Valid Approximation.
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Main Result: Hartree-Fock Theory is a Valid Approximation.

Hartree-Fock Approximation
Restrict to Slater determinants
1
Y(x1,x,...) = Wi det (0i(X}))1<; j<n >

and optimize the choice of the ¢; € L?(R3).
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Main Result: Hartree-Fock Theory is a Valid Approximation.

Hartree-Fock Approximation
Restrict to Slater determinants
1
Y(x,x,...) = W det (Soi(xj))lgi,jgN’

and optimize the choice of the ¢; € L?(R3).

m Approximate time evolution

1 o 1
Wdet (pie(xj)) = e Ht/rﬁ det (i,0(x;))
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Main Result: Hartree-Fock Theory is a Valid Approximation.

Hartree-Fock Approximation
Restrict to Slater determinants
1
Y(x,x,...) = W det (Soi(xj))lgi,jgN’

and optimize the choice of the ¢; € L?(R3).

m Approximate time evolution

1 e 1
ﬁdet (pie(xj)) = e Ht/rﬁ det (i,0(x;))

m Hartree-Fock equation

1 N
2) Soi,t—N Z (V*(Soi,t@)> Pjt

=1

N
_ 1
ih0 i = _thQDi,t+N > (V * | )¢
j=1

0T = [~B2A + V5 pe — Xe, 7T |
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Main Result: Hartree-Fock Theory is a Valid Approximation.

Validity of HF Approximation

Is vHF close to Yy, in mean-field scaling as N — 0o? J

m Narnhofer-Sewell '81: Convergence to Vlasov equation
(= semi-classical limit of HF). Analytic V.

m Spohn '81: more general V.

m Erdds-Elgart-Schlein-Yau '04: Convergence to HF for short times,
t < tp. Analytic V.

m B-Porta-Schlein '13: more general V. Arbitrary times t.

other physical regimes:
Bardos-Golse-Gottlieb-Mauser '03, Fréhlich-Knowles '11, Pickl-Petrat '14,
Bach-Breteaux-Petrat-Pickl-Tzaneteas '15.
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Main Result: Hartree-Fock Theory is a Valid Approximation.

Validity of HF Approximation

Theorem (B-Porta-Schlein '13)

Let V e LY(R3) with [|V(p)|(1+ |p|)2dp < .
Let {pj0}2, be orthonormal in L?(R3). Let g = ﬁ det (vio0(x)))-

Assume ‘semi-classical commutators’

1% olller <AC, I[=IRV, o]t < RC.

Start with the same initial data vy for Schrédinger equation and HF.
Then

C
N5/6e

Cec‘ t|

H
Ve — V& [ler <
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Main Result: Hartree-Fock Theory is a Valid Approximation.
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... assuming certain Semi-Classical Estimates

The Semi-Classical Commutators

m e.g. ground state of trapped systems (with trap to be removed to
observe evolution).

m non-interacting fermions in a box

pjo(x) = %>k € 2nZ3.
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... assuming certain Semi-Classical Estimates

The Semi-Classical Commutators
m e.g. ground state of trapped systems (with trap to be removed to
observe evolution).
m non-interacting fermions in a box
gOJ"o( ) = e’kX kj S 2rZ3.

One-particle density matrix:

Voo (X ¥) Z‘PJO x)gjo(y) =

Z elk(x=y)

IK|<cN1/3

==

12

e dx=y)/hqq = (X_y>.
lql<1 T=P\Th
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... assuming certain Semi-Classical Estimates

The Semi-Classical Commutators

m e.g. ground state of trapped systems (with trap to be removed to

observe evolution).
m non-interacting fermions in a box
gOJ"o( ) = e’kX kj S 2rZ3.
One-particle density matrix:

1 ik(x—
Yo (X: y) = NZ‘PJO JPioly) =+ Z ek=)

N
j=1 IK|< N3

12

[%, 7] (3 y) = (x = y)p (X - y) ~ h.
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... assuming certain Semi-Classical Estimates

The Semi-Classical Commutators
m e.g. ground state of trapped systems (with trap to be removed to
observe evolution).
m non-interacting fermions in a box
pjo(x) =", k€ 2nZ3.
One-particle density matrix:

1 T )

IK|<cN1/3

~ eldx=y)/hqq — (X_y>.
lql<1 T

Yoo (X ¥) = NZ‘PJO )@ioly) =

[%, 7] (3 y) = (x = y)p (X - y) ~ h.

m more rigorously by coherent states quantization
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Proof of Hartree-Fock Theory

Particle-Hole Transformation

m embed in Fock space using 2nd quantization (for convenience)

Redefine ‘particle’ as ‘excitation w. r. t. Slater determinant’, using a
unitarily implemented Bogoliubov transformation Us,.
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Proof of Hartree-Fock Theory

Particle-Hole Transformation

m embed in Fock space using 2nd quantization (for convenience)
Redefine ‘particle’ as ‘excitation w. r. t. Slater determinant’, using a

unitarily implemented Bogoliubov transformation Us,.

m new vacuum = Fermi sea

1
{07"'707\/mdet((pi,t(xj))707"'} e F.

m v; = projection on span{yit,..., YNt} Vi (y) = vi(y; x)
_ L
U = V¢

U:aiUs = a(vex) + a"(uex)-
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Proof of Hartree-Fock Theory

Particle-Hole Transformation

m embed in Fock space using 2nd quantization (for convenience)

Redefine ‘particle’ as ‘excitation w. r. t. Slater determinant’, using a
unitarily implemented Bogoliubov transformation Us,.

m new vacuum = Fermi sea

1
{O,...,O,\/mdet(Wi’t()g)),O,...} e F.

m v; = projection on span{yit,..., YNt} Vi (y) = vi(y; x)

U = VtJ'
[UtaiU:‘ = a(vt,x) -+ a*(ut,x).
m Number of excitations w. r.t. HF-evolved Slater determinant

NE€ = U NUE

Niels Benedikter Mean-Field Dynamics of Fermions

11/ 14



m Error < Number of Excitations

C — —
||'7wt - ’YtHF”tr < N2 (e Ht/h?ﬁO, foc e Ht/h¢0> .

— (1)




Proof of Hartree-Fock Theory
m Error < Number of Excitations

C

e =12 lle < i (€77 Mo, NEFE &Ml Mg

=:r(t)
m sufficient to prove (Grénwall)
r(t) < Cer(t) with C; = O(NO).

m most terms in r’(t) cancel, remaining

th/dxdy V(X*y)a*(ut,y)a(umy)a(vmx)a(ut7x)
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Proof of Hartree-Fock Theory
m Error < Number of Excitations

c . »
H%ﬁt _,YL-IFHU < N1/2 (e lHt/th’ _N‘;exce IHt/thO) )

=:r(t)

m sufficient to prove (Grénwall)
r(t) < Cer(t) with C; = O(NO).
m most terms in r’(t) cancel, remaining
1
o [y VO3 (e )alun)alve,)alue )

m Semi-classical commutators: = [ V(p)eP e PVdp

/dx vtyxe’.p'&unx = /dx vt7X[e"P"A(,ut](-,x) = /dx vtyx[e’.p"?,Nva](-,x).

gain h
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.~ MixedStates, Vlasov Equation
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Mixed States, Vlasov Equation

Hartree-Fock for Mixed States

e. g. positive temperature

described by density matrices
r:F(2®R%)) — F(L2(®R).
m Purification: density matrix ~ vector in bigger Fock space

F (R0 L2(R?).

Araki-Wyss representation of the dynamics.

Replace p-h transformation by general Bogoliubov transformation.
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Mixed States, Vlasov Equation

Vlasov Equation as Semi-Classical Limit

Hartree-Fock equation 20, Viasov equation
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Mixed States, Vlasov Equation

Summary

m Time-dependent Hartree-Fock theory is valid.

m Requires semi-classical structure (e.g. trapped ground states).

m Extension to mixed initial data; Derivation of Vlasov equation.
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