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Problem 1: Defect indices (10 points)

Consider the operator

A = i
d

dx
, D(A) = C∞0 ((0,∞)).

Compute its defect indices. Discuss the existence of self-adjoint extensions of A.

Problem 2: Spectral calculus (5+5 points)

a. Let P be a self-adjoint operator acting in a Hilbert space H.

Show that P is a projection if and only if σ(P ) ⊂ {0, 1}.

b. Consider the parity operator Π : L2(Rd)→ L2(Rd), acting by (Πψ)(x) = ψ(−x).

Show that Π is self-adjoint, compute its spectrum and find the associated projection-
valued measure PΠ.

Problem 3: Wave Operators for Relativistic Quantum Mechanics (10 points)

We introduce a model for a spinless particle of mass m = 1, with speed of light c = 1
and relativistic dispersion relation. Consider the Hamiltonian

H = H0 + V, H0 =
√
−∆ + 1 := F−1TωF ,

where ω(p) :=
√
p2 + 1, and V ∈ L∞(Rn) is real-valued. You may take for granted that

H = H∗ on D(H0). Assume the potential to satisfy

|V (x)| ≤ const

|x|µ
, for |x| > R, and with µ > 1.

Prove existence of the wave operator Ω+ = s-limt→∞ e
iHte−iH0t.

Hint 1: Consider ϕ ∈ X ⊂ L2(Rn), where X is the dense subspace X = {ϕ ∈ S(Rn) :
ϕ̂ ∈ C∞0 (Rn \ {0})}. (Implying that for every ϕ, there exists a small neighbourhood of
the point 0 on which ϕ̂ vanishes.)
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Hint 2: You can use without proof the Method of Stationary Phase: Let ω : Rm → R
in C∞ and u ∈ C∞0 (Rn). Let G be an open neighbourhood of {∇ω(k) : k ∈ supp(u)}.
Then for every m ∈ N there exists a cm, such that∣∣∣∣∫

Rn

ei(k·x−ω(k)t)u(k)dk

∣∣∣∣ ≤ cm
(1 + |t|)m

for all x, t with x/t 6∈ G.

(Heuristically, the method of stationary phase is often described as saying that due to
strong oscillations of the phase, different parts of the integral cancel out. The proof
however just uses integration by parts. . . )

Problem 4: The Magnetic Schrödinger Operator (4+3+3 points)

Let A ∈ H1(R3,R3) be a divergence-free vector potential, i. e., divA =
∑3

j=1
∂Aj

∂xj
= 0.

We define the magnetic Schrödinger operator

HA := | − i∇+ A|2 = −∆ + A2 −
3∑
j=1

2iAj∂xj .

a. Show that for every ε > 0 there exists C(ε) < ∞ such that ‖A2ϕ‖ ≤ ε‖ − ∆ϕ‖ +
C(ε)‖ϕ‖. (We say that A2 is infinitesimally operator bounded w. r. t. the Laplacian.)

b. Show the same for −2iA · ∇ = −
∑3

j=1 2iAj∂xj .

c. Use the Kato-Rellich theorem to conclude that HA is self-adjoint on H2(R3).

Hint : You will need to use the following inequalities several times in combination and
work out appropriate exponents (you don’t need to prove these inequalities).

• Sobolev inequality: ‖f‖L6(R3) ≤ C‖∇f‖L2(R3) for a constant C independent of f ∈
H1(R3).

• Hölder inequality: for all p, q ∈ (1,∞) with p−1 + q−1 = 1 and any f ∈ Lp(Rd) and
g ∈ Lq(Rd) ∫

Rd

|fg| ≤ ‖f‖Lp(Rd)‖g‖Lq(Rd).

• Young inequality: for all p, q ∈ (1,∞) with p−1 + q−1 = 1 and any ε, a, b > 0

ab ≤ ap

εpp
+
εqbq

q
.
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