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Introduction

Informally speaking, perturbation theory can be considered the study of how operators A and A + B are related when B
can be considered “small” in some way. In the course we have already seen some instances of perturbative results. One
example is the Kato-Rellich theorem, which states

Theorem 1 (Kato-Rellich). Let A : D(A) C H — H be self-adjoint, B : D(B) C H — H be symmetric and
D (A) C D(B). If there exists a < 1 and b € R such that

[Bell < allApll +bllell, Vo eD(A)
then A+ B :D(A) CH — H is self-adjoint.

In this case, the condition that B is small is the statement that |By|| < a||Ap| + b||¢|| holds for all ¢ € D (A) and the
relation this implies between A and A + B is that A + B is self-adjoint on D (A).

Another perturbative result we have seen is the stability of the essential spectrum:

Theorem 2 (Stability of the Essential Spectrum). Let A and A’ be self-adjoint operators on H. If there exists a
z€p(A)Np(A') such that (A—z)"" — (A" = 2)"" is compact then oogs (A) = T ess (A'). In particular, if A’ is of the form
A’ = A+ B where B is compact then the conclusion holds.

Here the “smallness” condition is that B is compact, and the relation this implies is that gess (A + B) = 0egs (A).
In this summary we will present some of the main results on the behaviour of (simple) eigenvalues under a perturbation.

While we will prove a variety of results, perhaps the most interesting single result is the following;:

Theorem 3. Let A : D(A) C H — H be self-adjoint, B : D(B) C H — H be an operator and D(A) C D(B). Let
furthermore Eqy be an isolated non-degenerate eigenvalue of A, i.e. dist(Fo,0 (A)\{Ep}) = 2¢ > 0. Assume that an
estimate of the form

[Bell < allApll +bllell, Ve e D(A)

holds for some a, b € R. Then for all 5 € By = B (0, (a+ (a(|Eo| +¢)+0b) 5‘1)_1) there is exactly one spectral point

E(B) of A+BB:D(A) CH — H in the ball B(Ey,c). E(f) is a non-degenerate eigenvalue and considered as a function
of B it is analytic on some neighbourhood of 0 contained in By.

It can be shown that E (8) is in fact analytic on all of By, see for instance Kato’s classic book [1].

Results

This section is a simplified version of the presentation of the material in Reed and Simon’s book [2], approximately
corresponding to Theorem XII.5 through Theorem XII.9.

First we recall the definition of an analytic bounded operator-valued function:



Definition 1. An operator-valued function L (8) : U — L (H) defined on an open set U C C is said to be analytic if the
function
2= (U, L(B) )

is analytic as a complex function for all ¢, ¥ € H.

Recall in particular that for an operator A the resolvent (A — )\)71 is analytic in X for all A € p(A).

We will study the perturbation of eigenvalues by studying the perturbation of the associated eigenvectors. Since we do not
know what the eigenvector will be for the perturbed function, we will need to define an appropriate projection operator.
In the self-adjoint case we can define projections using functional calculus, but since we will look at families of the form
A + BB where (3 is taken from an open complex set this will not suffice, so we need to extend spectral projections to
general closed operators. We do this by contour integration.

Theorem 4. Let A be a closed operator and let Ao be an isolated point of o (A), i.e. there exists an £ > 0 such that
B(Me)no(A)={Ao}. Let C(r) ={A € C| | g — Al =1} for some 0 < r < ¢ and define the operator P € L (H) by

p—__L (A—X)""dn.
211 c(r)

Then P has the following properties:

1. P is well-defined and is independent of the r chosen.
2. P is a projection, i.e. P2 =P,
3. P is the projection onto the \g-eigenspace {p € D (A) | Ap = lop} of A.
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Proof. Since C (r) is compact and (A — X\)~" analytic we have SUPxcc(r) ((A - ) < oo so the integral exists as a

Banach space-valued Riemann integral. That it is independent of r follows from the fact that for ¢, ¥ € H we have

(1h, Po) = —% ygm <w, (A-XN""1 @> .

By analyticity of (A4 — )\)_1 we have that A — <1/), (A-— )\)_1 <p> is a holomorphic function defined on p (A4), hence if it
has a pole in B (Ao, ¢) it must be at A = A, so in fact
_ !
(¥, P) = 3=Res ({4, (A= N ) o) - (1)

That the integral is r-independent then follows from the usual Cauchy integral theorem. Since ¢, ¥ were arbitrary we
conclude that r-independence holds in general. This shows (1).

To show that P is a projection, note that if 0 < r < R < € then by what we have just shown

Po—lh A—NTTdr=—1 (A—Nlar
271 c(r) 2mi C(R)

hence using the first resolvent identity (A — A" —(A—pu) "= A=) (A= X" (A—p)~" we can write

(—2mi)®> P? = yé( | %(R) (A=XN""A=p) " drdu
1 —1 1 -1
— (A-2A d)\du—yg 515 . (A—pw " ddp
yg(r) §£C(R) A—p ( ) ey Jery A — 1 ( )

1 —1 1 —1
— du) A= tan— 55 — DAt
yg(n,) (é(r) A—p ) ( ) cr) < CR)A— M ) ( )

Since r < R the first (nested) integral is 0 while the second one equals 27, hence



(—2mi)? P2 = —2m‘§é( | (A—p)~ " du = (—2mi)* P.

This shows (2). Finally we show that ran (P) = {¢ € D(A) | Ap = A\gp}. First, let Ap = Ap. Then

1

1 1 1
P(p)=——— A-N"pdh=—— Xo—N)lpdr=| — A | o = o,
(@) 2mi c(r) ( ) 4 21 c(r) ( 0 ) 4 (27’(’2 c(r) A — )\0 ) 4 L4

s0 {¢ € D(A) | Ap = Aoy} C ran (P). On the other hand, by the identity A(A—A)"" =1+ A(A—X)"", we have for
any ¢ € H that

1 ) 1 B 1 )
APp=—— A(A-N"pdr= - (1+A(A—A) l)wdk=—f.§1§ AA=N)""pd,
(¥ c(r) 2mi C(r) 2mi c(r)

where we used that EﬁC(r) 1dX\ = 0. Using equation (1) we see that for any ¢ € H

(4, APg) = 5Res (A (1, (4= )7 ) o) = Aoy -Res ({1, (4= X)) 20) = do (9, Pi) = (9, JoPop),

so by Riesz lemma

APp = NPy,
hence ran (P) C {¢ € D (A) | Ap = App}. This concludes the proof. O

Remark. In the above theorem we assume that B (\,e) No(A) = {Ao}, but it is clear that everything still holds if
B(M\e)No(A) =0 with the conclusion that P = 0. In addition, even if we do not know that C (r) surrounds a spectral
point then if dim (Ran (P)) = 1 it must in fact surround an eigenvalue by (2) and (3).

Before we define our main object of study, we introduce a new definition:

Definition 2. A vector-valued function ¢ (5) : U — H defined on an open set U C C is said to be analytic if

B (1,0 (8))

is analytic as a complex function for all ¢ € H.

Note in particular that if L (8) : U — L (H) is analytic then L (8) ¢ : U — L (H) is analytic for any ¢ € H.
Now we can extend a notion of analyticity to unbounded operators:

Definition 3. Let U C C be a connected, open set and for all 5 € U let T (8) be a closed operator with p (T (3)) # 0.
We say that T () is an analytic family (of type A) if

1. D(T (B)) = D is independent of 5.
2. T(B)p:U — H is analytic for all ¢ € D.
We will be focusing on linear analytic families of type A, i.e. those that are of the form A + SB for some operators A and

B. We have a result characterizing such families:

Theorem 5. Let A: D (A) C H — H be a closed operator with p(A) # 0. Let B : D(B) C H — H be another operator
and define A+ 8B on D (A)ND (B). Then A+ BB is an analytic family of type A on an open set U C C containing 0O if
and only if D (A) C D (B) and there exists a, b > 0 such that

[Boll <allApll+bllell, Vo eD(A). (%)



Proof. First assume that A + 5B is an analytic family of type A. Since the domain is independent of 8 we have that

D(A)=D(A+BB)=D(A) ND(B)

hence D (A) C D (B). Now, since A is closed D = D (A) is a Banach space with the graph norm

lella = llell + [ A¢ll, ¢ €D(A).
Let 5 be so small that both 5 and —f are in U. Then the graphs of A4 B and A— (B are closed in H x H by assumption,
hence also in D x H (which has a stronger topology). Then, by the closed graph theorem,
I(A+BB)¢ll <allella, I(A=BB)o|l <dl¢lla, VYeeD(A)

hence for all ¢ € D (A)

1Bl = 216((A+5B)90+(A 98)9)| < 515 104+ 58) ¢l + (4 - 58) o)
a+ad
< S lela= St (4l + lel)

so we have an inequality of the form ().

Now assume that D (A) C D (B) and that (%) holds. Then D (A + SB) =D (A)ND(B) = D (A) is constant by definition
and that (A + SB) ¢ is analytic for all ¢ € D (A) is obvious, since (¢, (A + BB) @) = (¢, Ap) + (1, By) 8 is linear for all
1 € D(A), hence certainly analytic, so all that remains to be shown is closedness and the resolvent condition. For the
closedness, observe that for all ¢ € D (A)

[Aell < I(A+ BB) ¢l + Bl Bell < (A + BB) ¢l + 18] a | Apll + 5] b el

hence for |B] < a™!

|51

lAel] < 37— (A + BB) ol + T—alf| lell, Ve eD(A).

1
1—alg|
This implies that ||-[| 4 is weaker than [-|| o, 55 for |8] < a!

Now, let (¢n),cn € D (A) be such that ¢, — ¢ € H as n — oo (in ||-||) and ((A + BB) ¢n),cy also converges, hence is
Cauchy. By the above inequality the sequence (Agy,), oy is then also Cauchy, hence by closedness of A we conclude that
v € D(A) and Ay, — Ay as n — oo. Then also (A+ B)p, — (A+ B8B) ¢ as n — o0, since (*) assures that B is
continuous in the graph norm of A, so we conclude that A + 3B is closed for all |3| < a™!

Finally we must show that p (A + $B) is non-empty for |3| small enough. Let A € p(A) and write
A+ BB )= (1+BB(A7)\)_1> (A— ).

To show that A € p(A+ BB) it is then sufficient to show that we can choose 8 such that HBB (A=)~ H < 1, by
Neumann series. Using () we estimate for ¢ € H

foa—s

IN

a HA(A 7! <pH +b H(A T <pH <alg| +al H(A — 7! ng +b H(A 7! <pH

(a+ (@ +) [ca=27) el

IN

—1
where we used the identity A (A —X)"" =14+ X (A — X)"". We see that demanding |3] < (a + (a |\ +b) H(A — )\)71H>

does the job, so we are done.

When A is self-adjoint we have the following corollary:



Corollary 1. Let A: D(A) C H — H be self-adjoint, B : D (B) C H — H be an operator and D (A) C D (B). If there
erists a, b € R such that

[Bell < allAgl +bllell, Ve eD(A)
then A+ B :D(A) C H — H is an analytic family of type A for all 3 € B (0,a™").

Proof. The corollary follows from the fact that in the second half of the proof above we only had to (possibly) shrink the
domain of A+ 8B from B (0, a_l) to ensure a non-empty resolvent set. For a self-adjoint A we know that i\ € p (A) for
all A € R\ {0}, so we can do as in the proof of the Kato-Rellich theorem and write

(A+8B—ix) = (14 8B (A—iN) ") (A=)

followed by the estimates (recalling that for self-adjoint A we also have the estimate HA (A—ix)! goH < |l

|8BA=iN"g|| <alBl]|a(a—inT o] + 1814 " || < alBlliel + ﬁ'ﬁ' lell, ¢ eD(A),

hence we can establish that A + B has a non-empty resolvent set by enlarging |\| instead of shrinking |3]. O

Remark. First, note that if B is also symmetric then A + 5B is also self-adjoint for 5 € B (0, ail) N R by Kato-Rellich.
Secondly, if B is infinitesimally bounded with respect to A then A + 8B is an analytic family for all g € C.

Our strategy for studying the eigenvalues of an analytic family A + 8B will be to use our spectral projection to define
a f-dependent projection P () using Theorem 4, and then formulate eigenvectors and eigenvalues in terms of P (5). In
order to do this, however, we need to make sure that we can control 8 in such a way that the spectrum o (A 4+ SB) stays
away from the integration contour that defines P (). This we turn to now.

Theorem 6. Let A+ BB be an analytic family of type A. Let Ao € o (A) be such that dist(Ao,0 (A)\{Xo}) = 2 > 0.
Then there exists an v > 0 such that the set

Cle)=1AeC| oA =¢)
obeys dist (C (¢),0 (A+ BB)) > 0 for all 8 € B(0,r). Furthermore, if A is self-adjoint then one can take

-1
. <a+a(|)\o|+6)+b> '
£

Proof. As we saw in the last part of Theorem 5 we have by writing
A+ BB )= (1+6B(A—/\)’1) (A—\)

the conclusion that A € p (A + B) if HBB (A - )\)_1H < 1. We need to show that we can ensure this for all A € C (¢) by
a single constraint on . In Theorem 5 we also found the estimate

HB (A— A)_lH <a+(alA+0b) H(A N7t

, A€Ep(A).
In order to ensure that dist (C (¢),p (A + 8B)) > 0 we consider instead of C (¢) the set
B(C(g),0)={NeC|dist(C(e),)\) <3}
for § < e. Since B (C (¢),6) is compact we must have SUP) ¢ B (c(e).6) H(A - )\)71H = Cj5 < 00, S0 we can estimate
HB(A—A)*H <a+Cs(aN+b)<a+Csla(No] +e+d)+b), AeB(C(e),d)

independently of A so taking |3] < (a + C5 (a (|Xo| + & + 8) + b)) ™" ensures that dist (C (¢), p (A + 8B)) > . Noting that
Cs < Cs if § < §', we can take § to 0 and set



r=(a+Colallol +2) +) "

which ensures that dist (C (¢),0 (A + B)) > 0 for any 5 € B (0,7).

The claim regarding self-adjoint A is due to the fact that by functional calculus H(A - )\)71H = dist (o0 (A),\) " so we
know that Cy = =1 by definition of . O

Remark. Since a=' > r = (a+ Cy (a (|Xo|) + b)) " we still have analyticity of A+ SB on B (0,r) in the self-adjoint case.

Before we can prove our main result on analyticity of the simple, non-degenerate eigenvalues of an analytic family A+ 8B
we need a result which will ensure us that we actually have eigenvectors. First, a preliminary lemma;:

Lemma 1. If P, Q € L(H) are two finite-rank projections and dim (Ran (P)) # dim (Ran (Q)) then |P — Q| > 1.

Proof. Assume dim (Ran (P)) < dim (Ran (Q)). Then Plg,, ) : Ran (Q) — Ran (P) must have a non-trivial kernel by
dimensionality. Let € Ran (Q) be a (non-zero) element of this kernel. Then

hence |[(P — Q) z[| = ||z so |P = Q] = 1. Cl

Lemma 2. If P(8) : U — L(H) is a continuous projection-valued function of finite rank defined on a connected set
U C C then dim (Ran (P (B))) is constant in (3.

Proof. Observe that given any 5’ € U we can by the above lemma find an open ball B (8’,r) C U such that dim (Ran (P (3)))
is constant on B (8’,r) - indeed, by continuity we can choose r > 0 such that |5’ — 8| < r implies |P (') — P (8)|| < 1,
hence by the above lemma dim (Ran (P (3))) = dim (Ran (P (8))).

Now choose some 3y € U and define the set V' by

V = {8 € U | dim (Ran (P (8))) = dim (Ran (P (5,)))} -

On one hand V is open since for any 8 € V' we can find an open ball containing 5 which is contained in V. By the same
argument V is also closed, however, since given 5’ ¢ V we can also find a ball containing 8" which is disjoint from V.

Since V' is both open, closed and nonempty (clearly Sy € V) we conclude by connectedness that V' = U, hence that
dim (Ran (P (8))) is constant on U. O

Now we are ready for our main result:
Theorem 7. Let A+/3B be an analytic family. Let Ey be an isolated non-degenerate eigenvalue of A, i.e. dist(Eg, o (A)\{Eo}) =
2e > 0, with eigenvector py. Then there exists a ball By around 0 such that for all 5 € By the following holds:
1. There is exactly one point E (3) € o (A + BB) in the ball B (Ey, <) and E (8) is an isolated non-degenerate eigenvalue
of A+ BB.

2. There ezists a neighbourhood U C By around 0 such that E () : U — C is analytic and there exists an analytic
eigenvector ¢ (B) : U — H such that (A+ 5B) ¢ (8) = E(B) ¢ (B) holds for all € U.

Furthermore, if A is self-adjoint then one can take By = B (O, (a+ (a(|Eo| +¢)+b) 5_1)_1).

Proof. By Theorem 6 we can find a ball By around 0 such that the contour C = {\ € C | |Ey — A| = ¢} has a positive
distance to o (A + 8B) for all 8 € By. By Theorem 4 we can then define the projection

P(ﬂ):—% C(A+6B—/\)_1 d\, p e Bo.

If we take By to be as in Theorem 6 we have the expansion

(A58 -N" = (A= N3 (1) (Ba-xn7)"8 sen,

k=0



which can be obtained from the second resolvent identity by writing

(A+BB—=N)""=(A-N""=BA+BB-N)""B(A-N"

and then recursively inserting the right-hand side into itself, as in

(A+BB-)N"" = (AfA)_lfﬂ((Af)\)_l75(A+ﬁBf>\)_1B(A7)\)_1)B(Af/\)_l
— (A= (1-8BA-NT")+ 2 (A+8B -0 (B(A- A)*l)z
— (A—n (1 —BB(A-N" 5 (B(A- )\)1)2> ~F @A+ sB-N (BN

We now see that P () is in fact analytic in 8, as we can write P (/3) as a power series in [ (since the integration is over
a compact set, there is no problem regarding convergence):

211

__ioo ok -1 -1 &
P(5)= 55 2 (D) (fa-n(Baa-n) a)e

Since Ej is non-degenerate, dim (Ran (P (0))) = 1, and so by Lemma 2 we in fact have dim (Ran (P (5))) = 1. By Theorem
4 we conclude that there is exactly one spectral point E (3) enclosed by C and that this is a an eigenvalue of A + 8B for
B € By. This shows (1).

Now define ¢ (8) by

¢(B)=P(B)wo, p € Bo.
Since P (B) is analytic on By so is ¢ (8). In particular then

(00, % (B)) = (@0, P (B) o)
is an analytic function in 8. Since {¢g, ¢ (0)) = (po,00) = |l¢ol|®> # 0 this implies that ¢ (8) # 0 for 8 on some
neighbourhood U of 0.
Since P (B) projects onto the E (53)-eigenspace of A+ B we see that ¢ (5) : U — H is our desired analytic eigenvector.
What remains to be shown is that E (§) is analytic on U. In the “usual” case of symmetric A and B this is particularly
easy, since
B@) = £ BB eB) _ (o, (A+8B)9(B) _ (Avo,0(B) | 5(Beo.¢(B)) (B, # (B))
(v, (B)) {v0, 2 (B)) (v, (B)) (0, (8)) {v0,(B))
and that the right-hand side is analytic is clear since ¢ () is analytic and {(pg, ¢ (5)) # 0 for 8 € U. In the general case,
however, we have to formulate it in a somewhat awkward fashion by writing

=Ey+p

_1 _1 <spo7w(5)> <SDO7(A+5B_EO_E) IP(B) S00>
(BE) = Fome) =ED=Fo = @) o e ()
By considering power series it can be shown that the composition of two analytic operator-valued functions is also analytic,
hence the right-hand side is analytic, and so by isolating E () we conclude that this is also analytic (at least on some
ball around 0 where this inversion is valid). O

Remark. As long as some care is taken regarding the root one can instead define ¢ (5) = (@0, P (/) goo)*% P (B) ¢o, which
has the property that it is normalized for  such that A + 8B is self-adjoint.
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