THE HARTREE-FOCK MODEL

1. INTRODUCTION

System of interacting electrons. We now study the system of N electrons in the presence
of an external potential (due to static nuclei) and with a Coulomb interaction. The
corresponding Hamiltonian (in appropriate units) is what we calledH atomic or molecular
Hamiltonians:

N
j=1 1<i<j<N " J
where V takes the form of:
Mooz
V(x):—Zﬁ, Zm >0, Ry, € R3. (2)
m=1 m

In the appropriate units, we must think of V' as (—1 times) the electrostatic potential
created by M positive charges Z,, > 0 located at R,, € R3. We write Z := Z;VZI Zm
the total charge of the nuclei.

Several remarks must be made. First, so far we have been considering systems of
distinguishable particles of the same kind. This lead to considering tensor products of
the Hilbert space of one particle. Electrons however are indistinguishable particles that
must satisfy the Pauli principle. That is two electrons cannot be in the same state. It is
implemented analytically by considering the Hilbert space of antisymmetrical functions,
or equivalently, by considering wedge products of the Hilbert space of one particle.

Secondly, and as we did throughout the lecture, we consider for simplicity spinless
particles, and we only take into account electrostatic interaction, hence the form of the
Hamiltonian Hy, and the Hilbert space of one particle L2(R3).

Approximations. We thus consider such a system of interacting electrons. A relevant
problem for instance is to get an estimate on the ground state energy, or to study prop-
erties of the ground state. Still, even for IV of order — say — 20, this is a difficult problem
(from a computational point of view). Approximation models have been introduced to
obtain partial answers.

In this part, we will consider the Hartree-Fock approximation which consists in re-
stricting states to the set Ty of so-called Slater determinants. We will then study the
corresponding minimization problem:

Efpi= . inf () Hyo). (3)
[lll=1

Having the min-max principle in mind, the Hartree-Fock energy Eﬁ r is larger than
the ground state energy. We will prove a theorem due to Lieb and Simon [2], which
state&ﬂ that admits a minimizer when N < Z + 1.

Latomic for M = 1.
2The same method presented during the seminar ensures us that if N > 27 + 1, then has no
minimizers.
1



2 THE HARTREE-FOCK MODEL

From a mathematical point of view, the minimization problem has the following
features.

(1) Tt is non-linear: the energy functional is not linear w.r.t. the variable (here the
wave function).

(2) It is a problem under constraint (the restriction to Slater determinants).

(3) It is locally compact on R3: minimizing sequences are bounded in the H!'-norm
(see below for the reason of the name).

To solve it, we will use techniques of calculus of variations. We will also uses three
results which are interesting by themselves.

(1) The fact that H'(R3) is compactly injected into L (R?) (special case of the
theorem of Rellich-Kondrachov).

(2) Newton’s theorem which states that for a radially symmetric Borel measure p
in R? we have:

Ly [ #(dy)
e @ /R

s |z —y|’

/ / p(dy)
" 1ol Jypyigtal” ylyl>lz) 1Y

(3) For a Borel signed Borel measure of finite total variation p (that is p = pqy — p—
with g4, pu— finite Borel measures), if p(R3?) = py(R3) — p_(R3) < 0, then
the self-adjoint operator —A+ < pu * | | has infinite discrete spectrum below its

essential spectrum [0, +00).

We first properly state the problem (we define antisymmetrical functions and Slater
determinants and the Hartree-Fock functional), and then show the announced theorem.

2. ANTISYMMETRICAL FUNCTIONS AND SLATER DETERMINANTS

2.1. The space L2(R3*Y). Consider the space L>(R3N) ~ L?(R3)N. Recall that we
write z = (z1,...,75) € R where z; € R3, 1 < j < N. The space L2(R3Y) of
antisymmetric function is the closedﬂ subspace of L?(R3") defined by:

L2(R3N) .= {y € L*(R3N), V1 < i < j < N, there holds a.e.

d)(xl,...,:L“i,...,mj,...,:vN):—Q,Z)(xl,...,xj,...,mi,...,xN)}.

We will prove below that subspace L2(R3Y) is isometric to A1<;<yL?(R3).

A legitimate question is whether Hpy of is well-defined on L2(R3Y) as an un-
bounded self-adjoint operator. The answer is yes, and this is due to the fact that Hy
acts symmetrically on the N variables z1,...,zy € R3.

Hence Hy with domain H2(R3V)NL2(R3V) =: H2(R3N) is a well-defined self-adjoint
operator on L2(R3N): if o» € H2(R3Y), then Hyv is also in L2 (R3V).

By our study on Slater determinants below, it will be obvious that H2(R3") is dense
in L2(R3N).

Similarly its form domain is H}(R3*Y) := HY(R3Y) N L2(R3V).

3the antisymmetry condition is continuous w.r.t. the L?-norm.
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2.2. Slater determinants. There is a special class of vectors in L2(R3") called Slater
determinants, which come directly from the construction of the wedge product.

Consider a family (¥;)1<j<n. The wedge product ¥ A --- Ay € LE(R3*N) of the
j’s is defined as follows,

Y1 A NN (z) = det ((¥i(z;))1<ij<n),

1
VN!
1
= 5 Z (o) H Vo (i) (%i)

c€SN 1<i<N

where Sy denotes the set of permutations of the N first integers. From this definition, it
is clear that wedge products lie in L2(R3"). Non-zero wedge products are called Slater
determinants.

For instance, when N = 2, we have:

Y1 Npa(m,y) i= 1

ﬂ(wl (2)2(y) — 2(x)1(y)).

Remark 1.

o If the family (1;)1<j<n is linearly dependent, then the wedge product identically
vanishes as we can see from the determinant formula.
e Observe that the determinant formula also gives:

¢1A.../\¢i/\.../\¢j/\.../\¢N:_¢1/\.../\¢j/\.../\¢i/\.../\¢N

e We emphasize that the factorial term — is a convention, due to our considering

|
wedge products of Hilbert spaces. It iﬂotivated by normalization issues: when
(¢j)1<j<n is an orthonormal family, then the corresponding wedge product has
unit nornﬁ in L2(R3N).
In geometry the factorial term is absent for exterior products of vectors (Grass-
mann algebra) or wedge products of differential forms.

It is easy to see that Slater determinants span the space of antisymmetrical functions.
Indeed, consider an ONB (ip;);en of L?(R?). Then we knowﬂ that the family (¢;, ®---®
Yiy)ijen is an ONB of L2(R3)N,

Then pick ¢ € L2(R3M). Decomposing ¢ w.r.t. the above basis, and using its
antisymmetry we get the following. For (iy,...,ix) € NV, and o € Sy, we have:

<900(i1) Q@ Po(in) p) =e(0){pi ® - ® Pins ©).

It suffices to decompose o into a product of transpositions: the signature (o) corre-
sponds to the parity of the number of transpositions of such a decomposition.

We thus obtain that ¢ can be decomposed as a sum of Slater determinants. We leave
as an exercise, the fact that a Slater determinant obtained from an orthonormal family
has unit norm.

Consider a normalized Slater determinant 1 A--- Ay, with |[¢;]|2 = 1. If we think
of it as describing the system of N particles, the N one-particle states 1); are the states
occupied by the electrons and are called orbitals.

We recover the fact that the restriction to L2(R3Y) implements the Pauli principle:
the orbitals are orthonormal to each other, and Slater determinants span L2(R3").

4prove it!
5This follows from two things. First continuous functions with compact support are dense in L> (]R3)
Secondly, fix a compact support K C R3 K = [-M,M]? for instance. Then by Stone-Weierstrass

theorem, continuous functions f of the form f(x) = fi(z1)f2(x2)f3(x3) with f; continuous span C(K)
with the sup-norm.
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Remark 2. As a word of caution: the orbitals 1; are not uniquely determined. The
only well-defined geometrical object is the N-dimensional space spanned by the 1;’s.

It is not surprising. If we have the Grassmann algebra in mind, a normalized Slater
determinant is a N-vector. As a state is defined up to a phase, from a geometrical point
of view, it characterizes the N-dimensional space.

We will recover this fact when considering the reduced one-particle density matrices.

2.3. Reduced one-particle density matrices. For a normalized 1) € L2(R3Y), its re-
duced one-particle density matrix vy, is the bounded operator on L?(R3), whose integral
kernel is:

Yplr,y) =N [ (a2 )(y,a)dz’. (4)
gIGRJI(N—l)

From , we can show:
0<7y <L (5)
This result is proved below in Section [5.1

For a (normalized) Slater determinant 1) € Ty, vy is the orthogonal projection onto
the vector space spanned by its orbitalsﬂ

N N
yo(@,y) =Y wi(x)d;(y), or equivalently vy, = > [1h;) ().
=1

j=1
The diagonal of v, is called the density of ¢ and written py:

po(@) = yle,w),
SN () 2.

P Sia‘ter

3. THE HARTREE-FOCK MODEL

As said in the introduction, we restrict the set of admissible states and only consider
Slater determinants. As we are mainly interested in states our convention will be that
whenever we write 1) € Ty, it is understood that |[¢]|;2 = 1 and that ¢ =1 A--- Ay
where 1); are its (normalized) orbitals.

3.1. The Hartree-Fock functional.

3.1.1. Form of the energy functional. The energy of a Slater determinant i can be
written in terms of the orbitals v;, or more compactly in terms of the reduced density
matrix vy, Below, for ¢ € H2(R3Y), we write R, ,, the operator defined by the integral
kernel:

For such a ¢, Hardy’s inequality ensures that the operator R, is Hilbert-Schmidt.

Lemma 3. Let ¢ € Iy N H2(R3N) be a Slater determinant. Its energy is:

N
1 (@) py(y) — |y (2, )]
H 2 (RENY = P4+ Vi 12 += dzdy.
(v, HNY) 12 (mav) j§:1/R3(|V¢]| + V1 )+2//R3XR3 T— xdy

More compactly there holds:
(0, HN) 2 many = tr((=A 4+ V)vy) + D(py) — X (1), (6)

6This is left as an exercise.
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where D(py) and X () denote:

pu(2) Py (y) 1
—————=dxdy = = tr(py * 7Y
//R3><1R3 ’x_y| 2 ( v H 1/))

|y (z,9)1? 1
dedy = = tr(R-,, V).
//R?’XR?’ ‘x_y‘ 2 ( i ¢)

Remark 4. The term D(py,) is called the direct term and corresponds to the electrostatic
potential of the density py. The term X (vyy) is called the exchange term and is a purely
quantic term.

The Lemma, is proven below in Section

3.1.2. Properties of the functional. As we have seen in the part on quadratic forms,
we can define the energy on the form domain of Hy. We recover this fact in @: the
functional energy is well-defined if the orbitals v;’s only have a H!'-regularity. It is
convenient to introduce the functional energy as a function of the orbitals.

Definition 1. Let £ Hl(]R3)N — R be the functional defined as follows. For v =
(Y1,...,0n) € HY (RN, we define

N
£W) =3 [ (V0 + VI + Dlow) - X(ag),
j=1

where 7y denotes the compact operator Zjvzl 1) (¥5] and py(z) :== 3, ;2.

Remark 5. Observe that for v € HY(R?*)N we have:
2

Iy (2, )|

Y

< Z () Z $i(W)* = py()py(y). (7)

In particular we have D(py) — X (vy) > 0.

For ¢ € H'(R®)"N, we also defines its gram matrix as the matrix of the inner products
of its elementd’}
Gram(y) == ((¢1,95))1<; ;< € CVF

The Hartree-Fock functional Er on H'(R3)N corresponds to the restriction of £ to
the orthonormal families ¢ € H LR3)N, or equivalently to the families which satisfy:

Gram(vy) = I¢n. (8)
We thus introduce the sets:
M:={ye HI(R?’)N, Gram(v) = 1w},
K:={yp e H(R)N, 0 < Gram(¢)) < Len}.
We have indeed the following.

(9)

Lemma 6. The set K is the closure of M under the weak H'-topology.

"From a geometrical point of view, the Gram matrix corresponds to the pullback of the L?-metric
through the submersion z := (z1,...2n) — Z;\;l zj1b; from CV to span{t;, 1 < j < N}. This simply
means that for z,w € CY we have:

(S mwe Swit) , ., = (= Cram(@u)ey = 2" Gram(®)u.
i J
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Remark 7. For M and K, we can replace the H'-norm by the L?*-norm in both the
definition and the lemma: the result remains.

Lemma |§| is to be related to the following proposition (proven in Section |5.3)).

Proposition 8. [Properties of £] The functional € : H*(R3)N — R is well-defined and
satisfies the following properties.

(1) It is ||| g1 -continuous.
(2) It is H'-weakly lower semi-continuous. That is, if (g("))n is a sequence of
HY (RN which converges weakly to 1, then we have:

E(¥) < lim +infg@(")).

(3) The functional & is bounded from below, that is Ey := infyex £(¢) € R. Also
there exists Cy,Co > 0 such that:

Vo € K, |[9]|% < CoE (1) + NC.

Furthermore, the functional £ is invariant under rotation in the following sense. The
group of unitary matrices U (C") acts on H'(R*)" as follows: for U € U(C") we define

N
U-9:= (ZUij¢j)1§i§N’

j=1
Under this action, the energy remains unchanged.
Proposition 9. For U € U(CY) and oy € H (RN, there holds E(U - ¢) = E(¢).

The proof of Proposition [§uses the following result, which is important by itself. This
is a special case of the theorem of Rellich-Kondrachov (see [1]).

Theorem 10. In any dimension d € N the following holds.
Let (™), be a H'-bounded sequence which converges H'-weakly to ¢ € H'(RY).
Then there exists a subsequence (n, k>0 such that for all compact set K C R?, the
sequence ((Vn, )|, k>0 converges to iy, in L*(K).
We say that the set H'(R?) is compactly injected in L2 (RY).

loc

We prove this theorem in Section [5.4

1
Proof of Lemma[6. We first check that K is weakly closed. Consider a sequence y(”) iR
9 in K. Then for z € CV, we haveﬁa

(z, Gram(y)z)cn = ’|sz¢j|’%Q(R3)’
J
.. ()2
Elnlgjggszﬂﬁ] 1723y
J

< liminf(z, Gram(¢™)z)en < 2] 3

n—-+o0o

As M C K, this also shows that the weak closure of M is included in K.

Conversely let 1 € K. We show that 1 is a weak limit of a sequence in M.

8by the uniform boundedness principle.
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Let U € U(CY) such that U Gram(y))U* = diag(e1, .. .,en) with 0 < & < 1. Observe
that U* Gram(¢)U is the Gram matrix of U - ¢ as we have:

(U*z, Gram(y U*Z>(CN = HZ (U*z) ?l)zH(CN,
= HZZ ZJ”‘”ZHCN’
= HZ ZUﬂ%)ZjHéN-
] T

So w.l.o.g. we can assume that the Gram matrix is diagonal, or in other words that the
family (¢;)1<i<n is orthogonal with ||¢;[2, = &;.

Let x € C5°(R?) with [|x|[?, = 1 and let n; € $?,1 < i < N be N different directions.
For every R > 0 and 7, we define x; r by:

Xi,r(x) == ¥i(z) + V1 —gix(z — Rny),

and we define (¢; r)1<i<n as the family obtained by applying the Gram-Schmidt pro-

cedure to (xi r)1<i<n: in particular Gram((v; r)i1<i<n) = Len.
Then, as R — 0, it is straightforwardﬂ to see that (¢; r)1<i<n weakly converges to 1
as R tends to +ooc. a
O

Proof of Prop.[9 It follows from the fact that Yu-p = Yy Indeed, there holds:
YW y) =Y (U-9)i(@))(U - $)ily),

=({U-9(®),U-p(@))cw,
= (¥(y), »(@)ery = y(z,y).

hence we also have prr., = py, showing the equalities of the two direct terms, resp.
exchange terms. B B

If we do not use the trace formula for the kinetic energy and the interaction energy
with the nuclei, observe:

/|v (U - )l Z (Ok(U - 1), (U - ),

RS

-% 000U @,

= S0k = 3 [ 1900
k 7
Similarly:

)12 = AT
[y = [0 pigs
— 2 _ 12
= My =3 [ ey

3.2. Existence of a minimizer.

9We leave the details as an exercise.
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3.2.1. Statement of the main theorems.

Theorem 11. [Lieb and Simon] If N < Z + 1, then there exists a minimizer to (3).
That is, there exists a Slater determinant v € Ty N H2(R3N) with ||1)|| ;2 = 1 such that:

(o, Hyy)= _inf o, Hyp) = Efjp.
PETNNHZ(R3NV)
el 2=1

To prove this theorem, we need a priori information on minima.

From a mathematical point of view, the minimization problem is under constraint,
hence we expect putative minimizers to satisfy some Euler-Lagrange equations. Here it
turns out that the E.L. equations involve the so-called mean-field operator.

Definition 1 (Mean-field operator). For ¢ € Ty N HL(R3N), the mean-field operator
associated to 1) is the self-adjoint operator on L*(R3):

Fy = =A+V +py * 17— Ry, (10)
This definition naturally extends to H'(R3)V.
We recall the important feature of this operator in the following lemma.

Lemma 12. Let ¢ € HYR*)N. Then its mean-field operator F is self-adjoint on

L2(R3) with domain H?(R3). Furthermore its essential spectrum is [0, +00).

Theorem 13. [Properties of minima/ Assume that there exists a minimizer 1 € Ty to
EgF and let Fy, be its mean-field operator.

Then up to replacing ¢ by U -1 for some U € U(CN), the 1;’s are the eigenfunctions
of Fy corresponding to the N lowest eigenvalues A1 < --- < Ay of Fy.

If the N + 1-th min-maz coefficient pn41(Fy) of Fy is an eigenvalue, then we have:

AN = pn(Fy) < pns1(Fy) <0 (Aufbau principle).
In that case, we have:
T = Looan] (Fy)-

3.2.2. Proof of Lemma[I3. The key-result is Hardy’s inequality. To simplify notations,
we write v instead of 1.

We have seen that V € L? + L*°. Furthermore, Hardy’s inequality gives that Py * |—1‘
is bounded. Indeed for all 2 € R? we have:

2
Py (y) ] / / Py (Y)
dy| < d dy,
[ o -y Y| = py(y)dy P—ee
< 4”1/}”%2(]1@)1\’ vaH%Q(RS)N

Similarly Hardy’s inequality implies that v, is Hilbert-Schmidt with:

2
x?
J[ B oy < aua(-230) = a9

Hence by Kato’s theorem, we get that Fy, is self-adjoint with domain H 2(R3).

We now use Weyl’s theorem for the invariance of the essential spectrum and show
that V + py * ﬁ - R, is (—A)-compact.

First, R, is already compact.

For v, := py, * ﬁ which is L, it suffices to show that it converges to 0 at infinity to

get that v,(—A +1)~! is compact as p — (|p|*> + 1) is L> and tends to 0 at infinity.
For z € R? with |z| > 2, we have:

0, () :/ pu(y) dy+/ o) 4,
g y:|zfy|§% ’l‘ - y’ y:|xfy|2% |:C - y|
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The last integral is smaller than % 4|75 By Cauchy-Schwarz’s inequality and Hardy’s
inequality, the square of the first integral is smaller than

MWME/ W@Myéﬂwwé/ py(y)dy,
|| |z

yile—y|<5 yilyl=5

which tends to 0 as z — +o00 by monotone convergence.

As last, as we have seen in earlier lecture, we have V € L? 4+ L> where the L™ part
tends to 0 at infinity. Hence, as p € R3 — (p? + 1)~! is also in L*(R3), we get that
V(—=A + 1)~ is compact.

3.2.3. Proof of Theorem[13 We derive the Euler-Lagrange equations from the minimiz-

ing property.
We start with the following observation: each orbital ¢;, 1 < i < N is the minimizer
of the minimization problem:

El(w) = 1nf{5(1/11a e a¢i—1a %%‘—s—l» e 71/]N)
o € H*(R?), [ollr2ms) =1 & (¥, 0)r2ms) =0, j #i}.

This corresponds to freezing all the orbitals but ; and tuning ;.
A computation yield{™}

5(¢1, v 7¢i*17(107wi+17' . ad)N) = g(wla s 7%‘7170,1/1%1, s 771)]\/) < 1/(;)807 §0>L2(R3)a
(11)

where Fg) denotes the mean-field operator with the orbital v; removed:
i 1 Yo, y)  Yi(@)vily
Fq/())::_A‘FV"‘(Pzp_hpi‘Q)*_<¢( )_ () () ]
|- |z —y| [z —yl

We use the minimization property: let ¢t € C and p € H?(R3) with (¢, ) r2ms) = 0,
1 <j < N. We have:

5(#’1,.--71/%—17

%,wiﬂ,...,dw) > Ejpp = E(n, -, ¥n)-

Equivalently, we have
<F(i) Yi+tp  Pitite >
VVIEIR TR )
which we can rewrite as

2 (i) |7§|2
% RelF e
1+ [t e 11 |2

- <F$)wiawi>L2(R3) >0,

W Pirte)rars) + <<F$)30790>L2(R3) - <F$)¢i,¢i>L2(R3)> > 0. (12)

Variation at first order. The first order term (in ¢) in implies that Fg)zpi is orthog-
onal to ¢ for every ¢ € H?(R3) orthogonal to the v;’s
In other words: Féf)d}i € span(v;)i1<j<n. However for 1 <i < N we have:

Fg)i/}i = Fyii, (13)
becausd ]
S | | yl '

10Tpe computation is left as an exercise.

Hone sometimes say that an electron does not see its own field.
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So we obtain the Euler-Lagrange equations:
Fy; = Z Aij Vs,

where ()\U)1<, j<N are the Lagrange multlphers As the operator Fy, is self-adjoint, we
have \j; = )\” and the matrix (A;j)1<;j<n is Hermitian. So up to unitary U € M(CN)
the Euler—Lagrange equations read:

Fyii = Nii,
with A\; < -+ < Ay. In other words, the E.L. equations say that the v;’s are (up to a

rotation) eigenfunctions of the mean-field operator.

Remark 14. An electron does not see its own field, but in general for ¢ € H*(R?), a
computation yields:

<F1§))g0, >L2(R3) — <Fw()0 @)LQ(R3) _/ W}z ‘x|_’(ZT )‘ dxdy—i—// (¢2¢)’§U)_(@Zz|(p)(y)dxdy’

e Apiz
<Fw<p<PL2R3—//| ’x_y’ dwdy

Variation at second order. The second order term (in t) in implies that for all
normalized ¢ € H?(R?) orthogonal to the 1/;’s we have:

<F1§})g0 ¢>L2(R3 el < wlawZ>L2 (R3)>

which can be rewritten thanks to Remark [14] as:

N Pi
(Fyp, p)r2(r3) 2 ( 1/1“1/% L2(R3) T // A2 1/} d dy,

’SD/W/% ) )’
> (Fypi, - —d dy.
> (Fyt ¢>L2(R3)+2/ - zdy
This holds for all 1 < i < N, hence by the min-max principle we get:

pN+1(Fp) > AN,

which ends the proof. Indeed, if Fy, has at least N + 1 eigenvalues below 0, the condition
above with ¢ the corresponding N + 1-th eigenfunction gives Ay11 > Ay, as o Ay # 0.

3.2.4. Proof of Theorem[11].

We are now ready to prove the existence of a minimizer in the case N < Z + 1.

The method goes as follows. We will relax the constraint Gram(v¢) = 1c~ and show
that there exists a minimizer ¢ of £ on K (see (9] for the definition of ).

Then, we will show that when N < Z + 1, the minimizer v is in fact in M, that is
that it satisfies Gram(v¢)) = 1¢n. In particular it gives rise to a minimizer ¥1 A--- Ay
of Eg -

Existence of a minimizer of Ex = infyex £(1). We use the direct method of calculus of
variations. Let (w(”))n be a minimizing sequence for Ex, that is (™) € K and:
lim &™) = Ex.

n—+oo
By Proposition |8 the sequence (1)), is H'-bounded. By the theorem of Banach-
Alaoglu, up to extracting a subsequence, we can assume that it converges H!'-weakly

to ¢ € K. And Proposition [8| ensures us that v is a minimizer as £ is H'-weakly lower
semi-continuous on K.
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End of the proof. Consider the minimizer 1) € K for Ex. We know that Ex < 0 as
0e k.

Up to applying a unitary U € U(C") to ¢, we can assume that Gram(z)) = diag(ey, ...,en)
with 0 < ¢; < 1. In other words, we can assume that for all ¢ # j there holds

(Vi ¥j) r2msy = 0.
As in the proof of Theorem each ; is a minimizer of the minimization problem:
inf{EW1, ..., Yi-1,0,Yit1, .-, ¥N),
o€ H'(R®), llollramsy <1, (5,0 r2@s) =0, j #i}.

Equivalently (see (L1])), it is a minimizer for:

= inf{<F$)% V) ams), ¢ € H'(R?), [l@ll2@s) <1, (5, 0)2ms) = 0, j # i},

where the expectation is to be understood in the quadratic form sense (H'(R3) is the
form domain of Fg)). Taking ¢ = 0 we have I; < 0, hence either I; =0 or I; < 0.

Claim: it suffices to prove that if N < Z + 1 then I; < 0.
Indeed, in that case, as Fg) is bounded from below, and the minimizer 1); is non-zero
(the essential spectrum of F) é}i) is [0, +00)). Up to considering Mﬁ, this minimizer has
illg,

necessarily norm 1 and as this holds for all 1 < i < N, this gives

Gram(¢) = Ign.

Lemma 15. Let ¢y € K. If N < Z+1, then szj) has an infinite discrete spectrum below
its essential spectrum [0, 400).

Proof of the Lemma. First we observe that R, is a non-negative operator as for all
o€ L*(R3) and 1 <1i < N we have:

(0, Riapy) (2] ) L2(®3) = // ‘w A y’y)w(y)d:rdy,
R3

Hence we have the quadratic form inequality:
i 1
B S =BV oy = W) < 1y = G
By the min-max principle, it suffices to show that G; has infinite discrete spectrum

below [0, 400), and to do so we will use the Rayleigh-Ritz method.

The reason is that G; takes the form —A + p * ﬁ, where p is a finite Borel measure
with u(R3) < Z — (N - 1) <0.
As we have done in a previous lecture, we introduce a radial function y € C§°(R3, [0, +00))

with norm 1 and whose support lies in the annulus {z € R3, 1 < |z| < 2}. For every
R > 1, we write:

Xr(z) := R™**x(¢/R).

For a given Ry > 1, the family (xanpr,)n>0 is an orthonormal family.
For R > 1, the following estimates hold.

e First we have

IVX&ll7> = R Vx|7-.
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e Then we have:

. 2
/|¢j|2*H’XRZZ/R—?)dxX(R—lx”Q |1/}J(y)| dy,

ly — 2|
1 / 2 |¢a( )I?
== [ dzlx(@)]” | —=n——dy,
RJ, y [y/R — x|
1 / 2 [ Ix(@)?
= — [ dyl|v(y ———dx.
R y ’ J( )| . |y/R _ $|
As the function y is radial: x(x) = f(|z|), a computation gives:
2 Foo sin(6)do
|X( )| AT dx :271'/ 7’2f(7“)2d7‘/ bln( ) ’
v |y — ] 0 oelo.x] /12 + [y]2 — 2 cos(0)r[y]

_on 0 g2+ yl) ==yl
=2 /0 rf(r) dr,

rlyl
1 2
(Newton’s formula) = / !X(x)|2dx+/ Ix(z)]
‘y’ lz|<[yl x:|z| >y| ’1"

dz,

and thus

12 L 2 4 21 Ix(z)| l Ix(z)|
[ttt e b < [l g [P < g [

e Similarly, for R > 0 large enough, we have:

@2z [ @
m - R 9
x|:U—Rm| R ’x—fm’

zm [ Ix(@)
_R/ |z 4

(We have used Newton’s formula and the fact that supp x C {z, |z| > 1}).

So for n large enough (say n > ng) we have:

—1- Ix(x 1 2
(X2nRo> GiX2nRy) 12(R3) < 7R / T+ 4nRgHVXHm <0.

This ends the proof by the Rayleigh-Ritz prln(:lple apphed to the orthonormal family

(XQ”RO )TLZTLO .
O

4. THE HARTREE-FOCK FUNCTIONAL AS A FUNCTION OF THE REDUCED
ONE-PARTICLE DENSITY MATRIX

4.1. Reminder on trace-class operators. As we have seen, we can see the Hartree-
Fock functional as a function of the reduced one-body density matrix only. The formula
involves the trace. In this course we did not properly introduce trace-class operators:
we refer the reader to [4, Sec. VI.6].

In this part we only states results without proof.

We recall that for a non-negative operator v > 0, the trace tr(vy) is defined as:

tr(y) == Y (i, vi),
%
where (¢;); is any ONB of the underlying Hilbert space (here L?(R?)). First, monotone
convergence ensures that this formula is well-defined for a given ONB, and Parseval’s
identity together with the fact that (i, v¢;) = ||\/7¢il|? ensures us that this formula
does not depend on the ONB.
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Trace-class operators are the bounded operators 7 for which |y| = /7%y has finite
trace. Such operators are necessarily compact, and the family of their singular values
define an element in ¢!(N). The latter condition characterizes trace-class operators.

We can then define the trace if a trace-class opeartor v by the same formula: the
formula does not depend on the ONB and the corresponding series are absolutely con-
vergent.

It can be shown that the set of trace-class operators form a *-ideal of bounded oper-
ators. Furthermore it is also a Banach space for the norm:

[7]le, = tr |7].

Using the canonical form of compact operators, we can show that the trace-class
operators are precisely the operators that can be written as a product of two Hilbert-
Schmift operators. In L?(R3), a trace-class operator v has an integral kernel v(z, y) and
we have:

() = [ 9(a2)da.

We also emphasize that the space &1 (L?(R?)) of trace-class opeartors is, through the
trace, the dual of compact operators on L?(R3) (with the operator norm), and that its
dual is the banach space of bounded operators on L?(R?). This is very similar to the
results know for sequences:

N)=c(N) & (F{(N)) = £2(N).
Here for a compact operator K and a trace-class operator 7y, the duality is given by
<’77 K)Comp’XComp = tr('yK)'

4.2. Reduced density matrix of Slater determinant. We have seen that for a
normalized 1 € L2(R3"), we have 0 < 7y < 1, and that it is a rank N projector if ¢ is
a Slater determinant. In fact the converse is also true.

Lemma 16. Let a normalized ¢ € L2(R3N). Then Yy 8 an orthonormal projector iff
¥ is a Slater determinant

Proof. The proof is similar as the one in Section Let (;)i>i, be an ONB of L?(R?)
such that (¢;)i<i<o is an ONB of span -y, and (¢;)i>1 is an ONB of ker .

For a subset I = {i; < --- < iy} C N+ iy of N elements, we write ¢; the Slater
determinant ¢;, A -+ A @iy

Let us decompose:

Y= crer
I

A computation yields

Yo(z,y) = N | ¥(z, 2 )y, 2’)d’,

= Z |C1|27<P1'

IC[lip,0[]
|I|l=N
We recall that |ig, 0|] denotes {ig,ip+1,...,—1,0} or Z_ if i9 = —oco. From this formula,
it is easy to check the equivalence of the two assertions. U

The proof also shows that 7, is in the convex hull of reduced one-body density
matrices of Slater determinants.
More generally the following holds.
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Lemma 17. The closed convex hull of

Py := {7 rank Northogonal projector in L?(R?)}
under the trace-norm is the convex set:

Kyn = {y € LIL*(R?)), 0 <~ <1, tr(y) = N}.

The set K v s also the closure of Py under the x-weak topology of the space of trace-
class operators.

Proof. The proof of the first assertion goes as follows. The condition 0 < v < 1 is
continuous in the x-weak topology of &; as we have:

(¥, 79) = tr(v[¥) ().

By density, it then suffices to show that finite rank elements v of K, y can be written as
a convex combination of elements in Py. Using the spectral theorem on ~, this result
can be shown by induction on the rank of ~.

The proof of the second assertion is very similar to that of Lemma |§| (take the same
sequence mutatis mutandis) and is left to the reader. (By density it suffices to show
that finite rank elements v € ICy n are limits of a weakly converging sequence in Py).

The details are left to the reader. O

4.3. The Hartree-Fock functional and Lieb’s variational principle. We recall
that the Hartree-Fock functional is given formally by:

Ear(y) = tr((=A+V)y) + D(py) — X(v),

where p, () denotes the diagonal y(z, ).

Originally, it was only defined on the one-body density matrices of Slater determi-
nants. The trace tr(—A-~) has to be understood in the quadratic form sense (in the
Hilbert space of Hilbert-Schmidt operators) and denotes:

tr(=A7) = 3wl Ve,

where v = >, n;|1;) (1| is the spectral decomposition of . If we write §(p,q) the
integral kernel of its Fourier transform .#~.Z ~!, we also have the formula:

t(-89) = [ P00,
R3
Having in mind, we can relax the constraint and extend Egp to

Ay = {7 € Ky N, tr(=Ay) < +oo},

and we consider the corresponding variational problem

EN = inf & :
gHF e HF(70)
Lemma 18. The Hartree-Fock functional is well-defined and bounded from below on
A, n. Furthermore we have EéVHF = EgF, and if there is a minimizer, then it is the
reduced density matriz of a Slater determinant.

The second part of the Lemma follows from Lieb’s variationnal principle, which we
state for A, y.

Lemma 19 (Lieb’s variationnal principle). Let v € A, n, then there exists a rank N
projector y1 in Ay N such that Egp(71) < Ear(y).
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Proof. The fact that £y is well-defined and bounded from below on A, x follows from
Hardy’s inequality and the fact that /v, € H 1(R3). We prove below the last statement
and give a partial proof of the first result to the reader.

For v € A, n, we consider its spectral decomposition v =) . n;|¢;) (s, where n; > 0.
We have

Vsl
IVl = [ B < Sl Vet = u(-a9)
v i
where we have used Cauchy-Schwarz’s inequality to get
_ 2
‘QRG Z niviVip| <4 Z nil il Z ni| Vil .

We leave as an exercise the proof of

X(y) <2|vlle, Vir(=Ay) < 2¢/Ntr(=Ay),
D(py) < 2|lvorll2llV/Prll 2 < 2¢/ N tr(=Ary),
and the end of the proof.

Lieb’s variationnal principle. Lett v € A, n, we consider its spectral decomposition
¥ = Y51 Nil|Vi) (i, where 0 < n; < 1. Assume that there exists i; with 0 < n;; < 1.
As >, n; = N, there exists necessarily a second index iz with 0 < n;, < 1. W.Lo.g. we
can assume that 77 = 1 and 79 = 2 and write:

v = nalhr) (Y1] + nale) (2| + g.

Let 67y := |¢1)(¥1]| — |t2) (¥2]. Let t € R: for |t| small enough we still have v := y+tdy €
A, n. A computation yields

Eur(v) = Enr(y) + t((Fy1, 1) 2 — (Fytba, ¥2) 12) + °(D(psy) — X (57)),

2
= Enp(7) + t((Fyyr, 1)z — (Fyabo, tho)p2) — t2/ |11 /|\x¢i(§|,y)|

dzdy,

where we recall that I, = —A +V + p, ﬁ - R,.

Thus optimizing in ¢, we can choose ¢y € R such that v, € A, ny has a smaller energy
and satisfies either v;,11 = Y1 or y4,¥2 = Ye.

By inductiorﬂ on the indices ¢ such that 0 < n; < 1, we find a rank N projector
which has a smaller energy.

The same argument shows that a minimizer must necessarily be a projector. (]

5. TECHNICAL PROOFS

In the first two subsections, the proofs are all about spotting the permutations in Sy
that have a non-trivial contribution to the formula at hand.

5.1. Proof of (). To show the first inequality observe that for f € L?(R?), we have:

(s =N [ [ dody [ F@yoe. a5 )
:N/’/f(:c)w(x,x')dx 2

da’. (14)

1276 argument as it is only works for finite rank operators. To make the argument rigorous in

general, you can for instance choose at each step two of the eigenvalues of v which are the farthest from

0 and 1. By construction, you end up with a sequence which converges in trace-norm to a projector.
You then have to use a weak semi lower-continuity argument.
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To show that v, < 1, we can decomposﬂ 1 w.r.t. a basis of Slater determinants:

Y=Y e,

ICN
=N

where ¢ denotes @;; A -+ A, with {i; <ig <---<iny} =1 and (g;); is an ONB.

W.lo.g. we can assume that ||f]|;2 =1 and f = ;. By density we can assume that
the decomposition of 1 is finite.

From the formula of the Slater determinants ¢, the expression [14] for ¢ = ¢ is non-
zero if and only if 1 € I. Recall that we write I = {i; < --- < in}, z = (21,...,2N),
and that we assume f = ;. We thus have:

VNI f(xl) (.’Bl, )dxy = \/720[/ -Tl or(z1, )dl'la

z€R3 cR3

= Z crer,

I 1={1}ur’
where oy denotes the Slater determinant ¢;, A - -+ A ¢, in L2(R3V=1),
We thus can rewrite (f, vy f) as follows:

<(P1771/1901>L2(R3): Z Z <CI<PI’7CJ‘PJ’>L3(R3(N—1))7
I I={1}0I’" J: J={1}UJ’

= > lul<t

I I={1}ur’

5.2. Proof of Lemma [3| Let v =1y A --- A, be a Slater determinant.
We first compute the expectation of A := . (—Ag, +V(x;)), and write 4; := —A,, +

We then compute the expectation of B := ) 1

i<j Toi-ay]"

5.2.1. The term A. We have:

S ) gy =y Y S Jia, Hwa i) [ [ ¥r0y (@) 12 o).

7 i o, TESN 4
=> Z (Aitbo (i) (1), Yr oy () 2Ry | [ Wot) (@) Ury (1)) 2R3
i 0,TESN k#i
= Z Z lea (%) (wl) wr( (xl L2(R3) H 50‘(k5 )7(k)-
i 0,TESN k#i

Each term in the above sum is non-zero iff for all k # i we have (k) = 7(k), that is iff
o=T.

Lthere is a very short proof using the CAR and the fact that (f, yy9)12®s) = (a(g)¥, a(f)w)Lg(]R3N).
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Then, given 1 < 4,5 < N, there exist (N — 1)! permutations of Sy mapping i to j.
Hence we get:

Z<Aw ¢ L2(R3N) — N ZZ le x’L % xz))LQ R3)>

7

= N Z Z<A1¢j7 ¢j>L2(R3) = Z<(_A + V)¢]7¢]>L2(R3)
% i j

5.2.2. The term B. For the expectation of B, we use the antisymmetry and consider
the change of variables which switch 21 and z;, and 3 and z;. This gives:

B _NW-1) [ )P
(B, ) 2 (many = Z /Ixz—%\ = 2 /Im—mldx’

1<i<j<N
N(N —1) e(o)e(r) dzdas —
= 9 > N L o1 — )] /$,H¢a(k)($k)H¢a(Z)($€)d$
1,22
o, TESN x
1 dl‘ldl‘g
T 2(N-2) 2 8(0)5(7)/36 z2 171 — T3] ] H%(k @ery (@) [T oty Yr) 2,
o,TESN 1502 3<k/<N
1 dafldl’g
= sz 2 e [ yxl_mﬂ% o) TT by,
oSN 1,2 3<k/'<N

The terms of the above sum are non-zero iff for all 3 < k < N there holds o (k) = 7(k).
Hence either 7 = o or 7 = (12) o 0, in which case (o ) (1 ) is equal to 1 resp. —1.
Thus

dx1d _ -
(BY, ¥)ra@sn) = 3 N %) > e \% ) (1) P o @) (22) P = [V (1) Yo @) (21) o) e 1)) (22)) -

ocESN ‘xl

For given i # j, there are (N — 2)! permutations of Sy with o(1) = ¢ and ¢(2) = j.
Hence, there holds:

B =5 3 [ S () Ploy ()P~ ) o) 7).

17& 1,22 |x1

5 ¥ M(wxm)r%(m)\t[wﬂjxxl)ij@)),

1<ij<N |21 — 2|

dz1dxs.

_ 1/ pu(@1)py (2) — [y (21, 22)|
2 T1,T2 |1:1 - x2’

This ends the proof.
5.3. Proof of Prop.

5.3.1. Strong continuity. The fact that £ is ||-|| g1-continuous follows from Hardy’s in-
equality. Let us deal for instance with the exchange term.

The function ¢ — X () is quartic in ¢ (that is homogeneous of degree 4). By Hardy’s
inequality, the corresponding quadrilinear function is continuous from (H'(R?)V)?* to
R. Indeed, introducing:

(H'R)HN)* — R,
Xp T(x)p(x)x (Y)Y (y )d d
(ryp0) s [f T2l Wlel) g,

lz—y]
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we have:

Xrpu)| < [ HOEW g,

\// - \x’_’XP dxdy//l@ )[2[4(y)[2dady,

<2V allell 2 lxl 2l 22

The other terms are dealt with in a similar manner.

5.3.2. Weak lower semi-continuity. Let us show that £ is weakly lower semi-continuous.
Let (™ — ¢ in H? (R*)N. Up to extracting a subsequence, we can assume that

lim inf (™ — 1 (n)y.
R e™) = i W)

By Theorem [I0} up to extracting a subsequence, we can assume that the sequence
(1»™),, converges in L2 (R3)V.

Similarly, up to extracting a subsequenc we can assume that (@ZJ( ))n converges

almost everywhere in R3.
By the uniform boundedness principlﬂ for all 1 <+¢ < n, we have:

Similarly it gives: supn%+oo|\1/)§n)“H1 <C.
Secondly, for every A > 0, we have:

w“<n3ﬁz/‘ ww<ﬂgm+/ w“<ng%

|SU— m| z:|lz—Rm|<A |$ m| z:|lz—Rm|>A |x_ m|

" ()2 c
= -t ———dz+ O [(—).
/m:m—ngA |7 — Ry A—>+oo<A)

By the L10C convergence, and using the fact that
7(2)p(x)
/ T o < 20Vl 9l s
le—Rm|<A [T — Rl
we get that:
n) 2 2
n=+o0 Joz—R,,|<A ’l'_ m‘ z:|lz—Rm|<A |‘T— m|
Hence:

im [ Vo™ |2 =/RSV||1/JII§;N-

n—-+4oo R3

At last we deal with the direct and the exchange terms altogether. Recall : for
0 € H'(R®)YN there holds:
Py (@)py(y) = [y (2, ) > 0.
By Fatou’s lemma we thus have:

2 n) (L n - n x, 2
// Py () Py (y ‘x_ — v (2, y)| dmdy<hm1nf// Py () Py >‘(y) Yy (2, 9)]| dzdy.

‘ n—-+o0o xr — y‘

MNote that we have to use a diagonal extraction here.
15Why?
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We thus have proved:
E(1h) < liminf £ (™).

n—-+oo

5.3.3. Estimate. Let ¢ € KC. The constraint gives:

\w@—/WSN

The fact that it is bounded from below follows from Hardy’s inequality.
First, by (7)) we have D(py) — X (7y) > 0, and for all 1 <¢ < N and € > 0, we have:

/’WZ_R ’ = 25Zm||vd)z||L2 +/W}z | dx.

Taking € = (42)~! for instance yields:
(W) 2 1/2|V¥ll2 — 227|172
For ¢ € K, we thus get the (crude) estimate:
[9l7 < 26(@) + (42° + 1)N.

5.4. Proof of Thm The usual proof of the theorem of Rellich-Kondrachov uses
the LP(R%)-version of Ascoli’s theorem.

Here as we deal with L?-functions, we will use an “elementary” tools to prove the
theorem, namely the Fourier transform on a torus R?/(LZ?) and the diagonal extraction.

Let (vn)n be a sequence of functions in H'(R?) which is H'-bounded. By banach-
Alaoglu, up to an extraction, we can assume that it converges H'-weakly to ¢ € H'(R%).
Furthermore, by the unifom boundedness principle, we have:

sup||wnHH1 = Cp < +00.

Let us show that there exists a subsequence of (1,,) which converges in L2 (R?).
Let y € C§°(R4, [0, 1]) such that supp x C {x : |z| < 2} and x(z) = 1 for |z| < 1. For
R > 1, we introduce the function xg(z) := x(z/R) and Tyr the hypercube [-2R, 2R].

Aim: For every L € N, we show that the sequence (x %), converges in L?(Tyy) up to
the extraction of a subsequence.

By a diagonal extraction argument, this will provide us with a subsequence (¢, )
such that for all n, the sequence (x1¥n,)r converges in L?(Thr), which will end the
proof.

The key idea is that we can inject isometrically the Hilbert space H& (Tor) into the
Hilbert space H!. (Ts1) of periodic functions in L?((R?/(4LZ%))) with an H'-regularity.

per

Thus we can see (Xz¥n)n as an H'-bounded sequence in H]}  (Tpr). It is bounded

because [V (xr¥n)|(®) = L~V x(x/L)Yn + x£ViPn. The same argument gives also that
the xrty’s are uniformly H'-bounded in n and L > 1, say by C%.

We write Ty, := 7-Z the dual of R?/(2LZ?). The Fourier transform defines an isom-

etry of L2 (Tor) = L2((R?/(4LZ%))) onto £2(T3;). The ¢%-element of an L2-function is
the collection of its Fourier modes:

a(f) == (4L)%? f(x)e Edx, k€ Ty
Top,
We thus have:
1Nz, = D lax(F)I

keTy,
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Similarly, we know that
IV A2z, = D kPlan(f)I*
keTy,

Here, we consider the Fourier modes of the functions x 1y, giving a family (ag )k
Fixing k, the sequence (aj,,)n>0 is bounded in C as we have:

Jagn*(1+ &%) < Ixzvullin < CF.

Thus for every k, we can extract a converging subsequence (agn,)e>0-

7n.

By a diagonal extraction, we can extract a subsequence (xr,%n,)¢ such that for all k €
57, the sequence (ag n,)¢>0 is convergent (say to ai € C). By the uniform boundedness
principle we also have:

D (L4 [EP)agl* < +oo.
k
Note that the a;’s are the Fourier modes of x 1.
We show that the sequence ((ay,n,) EETQ‘L) (>0 15 convergent in (2(Ty; ), which will end
the proof.
For A > 1, we have:

Z |, — ahyz

> Jakm, = arl + Y lagn, — axl?,
k

k k, k,
B |kI<A |k|>A
1+ |k
_ o 2 = o 2
- zk: |aE7n1€ CLE| + zk: 1+|E|2|a’&ne CLE| )
|kl<A |K[>A
2
< 3 lan, — asl® + =gz (il + Ixcwlin):
E,
|kl<A

taking the limsup yields:

lim sup g la a)? < a0y
k, — Uk — °
l—+o0 T e 1+ A2

As this holds for every A > 0 we obtain the convergence in £2( 57.), and thus by isometry
the convergence in L?(Tyy).
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